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EVALUATION

The work presented in this report represents an effort to press upon

the frontiers of knowledge in the area of spectral estimation, spectral

F estimators , and the performance of spectral estimators. To date, no

researcher has developed a tractable means for computing the performance of

a max imum entropy spectral estimator in the presence of noise, even for the

type of noise which is usually most convenient mathematically: Gaussian

noise. We have joined the ranks of these researchers. However, we have

pressed beyond this, point of disappointment by simulating the estimator

against noise, signals, and interference, and by composing statistical

analysis of the estimator outputs. These results have been sufficiently

encouraging that an attempt will be made to implement the maximum entropy

spectral estimator in a real time system , and to validate the performance

predicted by the simulation.

KENNETH E. WILSON, Capt, USAF
Project Engineer 
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MAXIMUM ENTROPY

SPECTRAL DEMODULATOR I N V E S T I G A T I O N

1. INTRODUCTION AND OBJECTIVES

A t ransmi t ted s ignal , w h i c h  I s  m a s k e d  by n o i s e  and , possi-

bly , inter ference , is assumed to be a s inuso id  w i th  Hertz-

frequency which va r i es  over some f in i te  set F of pos it i ve  real

num be r s .  Le t “s(t)” denote the value of the resulting continu-

ous- t ime signal  at time t. Of par t icu lar  interest  is the case

where #F = 2; that is , where the frequency switches back and

forth between two d i s t inc t  va lues .

The ob ject  of th is study is to eva lua te  the performan ce of

the maximum entropy method (= MEM) of spect ra l  es t imat ion  for

short segments of a d isc re te - t ime s ignal  wh ich  resul ts from

sampl ing s ( t )  at uniformly spaced time ins tan ts .  To be more

specific , It is desired to estimate the uncertainty of the MEM

estimates of the transmitted signal frequencies , by obtaining

conf id ence i n t e r v a l s , for the cases (a) received signal =

transmitted signal + noise and (b) received signal = transmit-

ted signal + noise + (purposeful) interference.

The simple case (a) with F = {f1 } was cons idered almost

exclus ively. The (analytical) problem of obtaining confidence

i nte r v a l s  for  f 1, wh ich requires determining the probability

dens ity function for f1, appears to be intractable . Thus , la te

in the program , com puter simulation was used to study the

1-5
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sam pling variability of f1. The results of this simu l ation are

encouraging; the MEM seems to perform quite we l l.

2. THE MODEL

In general , the MEM models functional values as the output

of a linear discrete system (= LOS); that is, as a l inear combi-

nation of past functional values (outputs of the LOS) and past

an d p resen t Inputs to the LOS.  This leads to the l inear , con-

stant coefficient , diffe rence equation

p q
(2.1) f(kT) = - 

~ a .f((k-j)T) + G ~ b 1 u((k-i)T),j=l 3 1=0

where the aj and b1 are real num bers , b0 ~~ 1 , G is the system

ga in factor (a positive real number), T is the sampling period

(a pos i t i ve  real number ),  u ( ( k - i ) T )  Is the input to the LDS at

time ( k - i )T , and k is any pos i t i ve  Integer such that the func-

t i o n s  f and u are defined at the indicated times. As (2.1)

ena b les one to “pred ict” f(mT) from f((m-1)T), . . . , f((m- p)T),

u(mT ), .. . , u((m-q)T), the name “l i near p red i c ti on 1’ is also

associated with this method.

There are several  o ther equ iva lent  representat ions of a

LDS in addit ion to the dif ference eq ua t ion formulat i on [1 ; pp.

85-86]. For frequency-domain considerations , the representa-

t i on

S ( z )  = H ( z ) U ( z ) ,

whe re S ( z )  and U ( z )  are the z- t rans f orms of s ( k T )  and u(kT )

respe c t ive ly  and H(z )  Is a rat ional funct ion of z ca l led  the

“ sys t em t r a n s f e r  f u n c t i o n ,” is useful (1; pp. 220-282] .  In

1-6 
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~ene ra 1 , H(z) w ill have both zeros and poles.

We model a received signal S by a difference equation of

the form (2.1) with q = 0 and G = 1; that is , we assume
p

(2.2) s(kT) = —  
~ 

a~ s((k-J)T) + u ( k T )

V 

j=l

for al l  appropr ia te  k. For the model ( 2 .2 ) ,  I t  can  be s h o w n

that
1

H(z) =

1 + ~~~~~~ a .z 3
j = l  .1

T h us H i s an “all- pole ” transfer function with p poles, namel y,

the p so lu t ions  of the equat io n 1 + 

~j~ l 
a~ z J = 0 or , equiva-

lent ly ( i f  z ~ 0 , as is requir ed by the de f in i t ion  of the z-

t rans fo rm ) ,

(2. 3) z~ + a 1 z~~
1 

+ . . . + a~~ 1z + a~ = 0.

3. ESTIMATION OF MODEL PARAMETERS

The model parameters a 1, . .. , a~, i n  (2.2) are approximated

by the usual type of least -squares analysis in the time-domain

[2; pp. 563-567]. For a given positive integer m , we predict

s(mT) to be

(3 .1 )  l~f) df~~~ 
‘
~.s((m- j)T),j=l ~

where the are chosen so as to minimize an appropriate function

o f t he errors

e ( kT ) ~~ s ( kT )  - s ( k T )

1-7



I
for k < m. In the ca se of a de te rmin is t i c  s igna l , ~ e~ ( k T )  I s

min imized over some set of p rev ious  samp les .  In case we mini-

mize the sum of squared errors

rn- i N-I
~ e2(kT) (= ~ e2((m-N+k)T)

k=rn - N k=O

corresponding to the preceding N samp les , the technique is call-

ed t h e  “ c o v a r i a n c e  m e t h o d ” of l inear  p red i c t ion  [2;  p. 564) .

This leads to the system of l inear  eq uat ions
p

(3.2) V 
~~~~~, (m ,N)~~. . (m ,N) = —

~~ . (m ,N) (1 = 1 , 2, . . . , p)
j=l J 13 Oi

w here , for all (i ,j) c (1 , . . .  , p} x {1 , . . .  , p J,

N-i
(3.3) ~~ . .(m ,N) d~ y s((m-N+k-i)T)s ((m-N+k-j )fl,

‘3  k=O

for determining the whi ch yield the predicti on of s (mT).

From (3.2) and (3.3), we see that the N + p consecutive samples

s((m-N-- p)T), . . . , s((m-l )T) are needed. Thus if we do not

a l l ow ne ga ti ve ar gum en t s , s( (N+p+l )T) is the first sample we

can p red i c t .

In making the predicti on (3.1), we are assum i ng th at the
input u(mT ) is completely unknown , which is often the case.

4. THE ANALYTICAL  APPROA CH

The analytical determination of the frequencies f1 E~ F

exhibited by the transmitted sign al involves (a) calculating the

from (3.3), (b) solving the system of linear equations

1-8
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( 3 . 2 )  for the i~~, (c )  so l v i ng  the polynomial equat ion (2 .3 )

with “
~~~~~

“ in place of “ a~ ”~ ( d )  determi ning O j in the polar

f o r m  r 1exp (±J o 1 ) of each of the complex conj ugate pai rs  of

roots of ( 2 . 3 ) ,  and (e)  mul t ip ly ing the e~ by an appropr ia te

real number to obtain the f 1 .

As ind ica ted in Sect ion  1, an attempt was made to handle

ana l y t i ca l l y  the s imple case of a s ingle f requency (F = {f1 })

signal  in noise w i th  no in ter ference;  that is , we a s s u m e  t he

t ransmi t ted  s ignal  is

(4.1) As in(2 lT f1 t)

and that the received signal is

s ( t )  = A sin(2 lT f1 t) + n ( t ) ,

where n ( t )  is a zero-mean Gauss ian  noise process [3; pp. 2 19-

222 ] wh ich  is uncor re la ted  w i t h  the t ransmi t ted  signal  and for

which
I a 2 (k = 0),

E[n(t)n(t+k)] = 
(k $ 0).

T h us th e sam p les o f s are g i ven by

(4.2) s(kT) = A sin(2 ir f1 kT) + n(kT).

In th i s case , a 2-pole model (p = 2) suffices.

The roots of (2.3) with p = 2 and “
~~~~~

“ in place of

are z 1 ~j (- ‘
~~ + t f f ) / 2  and z 1 ~~~~~ 

(-~j - /~~)/2, where d 
~~~~~ ~~i

2

It can be shown that the radian argument in the polar form

of 21 is the radian -frequency f1 in (4.2). (In fact , this poten-

1-9
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t i a l for ferreting out the frequencies of a sinusoidal signal

i s th e reason l i near p re d i c t ion  i s use ful to us , rat her th an
its predictive powers. We can always “wait ” I secon ds and

measure s(mT).) Thus , as f > 0, z1 mus t be a non -real(complex)

number; that is , we mus t have - 41’
2 < 0. Hence we have

21 = -(i~/2) + J (r 4~ -

w here 4~~ - > 0. It Is easy to show that 2
1 

has polar form

r1exp (J t 1
) , w h e r e

(4.3) r
l 

=

an d 
(

fl/2 
~~l 

= 0),

(4.4) = 4~ tan~~(-/T~ - i~~/a~ ) + (
~~ 0),

(~
tan (_

~’4~2 
- (

~~ 
< 0).

If we measure frequencies in Hertz and require that F C (0,6000),

then

(4.5) = (600O/
~

) e l .

Now , ‘
~~~ 

and in the expression for f
1 

can be obtained

explicitly by solving the system of equations (3.2) with p = 2.

By C r a m e r ’ s Rule , we have

(4.6) = 

~
‘l 2~02 

-

and

= 

~~2l~ ol 
- 

O2~ l 1~~
’’’

1-10
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w here

(4.8) A 
~! t’ 11~t 22 - 

~12~ 2 l

and the are given by (3.3) and Involve the s(kT) as given by

(4.2). Even in this very special case , the complicated chain of 
V

operations linking the assumptions about the transmitted signa l

and the noise with the frequency f.1 makes it diffic ult to deter-

mine the probability density function for f1 .

In case ~F = 2 , a 4-pole model is appropri ate and the equa-

tion (2.3) Is quartic. The four roots of a quartic equa tion can

be given explicitly in terms of radicals and the coefficients

a1, . . .  , a
4
; however , t he ex p ress i ons for th ese roo t s are

extremely complicated. Of course , if #F 2, a model with at

least six poles is required and no analog of the quadratic and

quartic formulas exists for the equation (2.3) in such cases.

T hus , for these cases , we can not m i m i c the t rea tmen t of the

2-pole case.

5. THE COMPUTER SIMULATION

The first part of the program involved an extensive inves-

tigation of linear prediction techniques and their application

to communications theory 11]. This investi gation included the

anal ytical effort described in Section 4. The second part of

the program involved the development of a computer simulation

to determine the sampling variability of the f1.

I
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In Sec tions 1 and 4, we d id not elaborate on the term

“ noise. ” No i se i s a fun d amen tal l i m i ta t i on  on the pe r fo rmance

of physical systems such as radar devices. Some possible

sou rces  of no i se are c l u t t e r , cosm ic radiation , and therma l

motion of the electrons and ions In the receiver components

and the an tenna surroundings [3; pp. 3-5].

There are other limitations on performance in signal -

processing that are based on the fact that the values of vari-

ables In models of real -world systems are , typically, real

numbers with decimal representations which are non-termina-

ting or terminate only after a large number of digits, whereas,

digital signal-processing equipment (which for various reasons

has largely supplanted analog equipment) seldom allows repre—

sen tat lons of numbers (or other symbols) with more than 64

precision bits. One such limitation , “quantiza tion noise, ”

resul ts from use of an analog -to-di gital converter ( ADC ) in

sampl ing the continuous-time signal. Another , “ roundof f (or

chopping) noise ,” resul ts from rounding (or chopping) sums and

p ro d uc ts to f it t he com puter ’s word length.

In the simulating done to date, an ef for t h as been ma de to

assess the sampling variability due to quantization noise and

roundoff no ise. Such noise is always present as we can not do

infinite -pr ecision sampling and ari thmetic. Further work is 
V

needed to determine the effect of purposeful man-made interfe r-

ence and the type of noise cited in the second paragraph of this

sec tion. Also , we have cons idered only the 2-pole model dis-

cuss ed in Sect ion 4.

1-12   
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Some features of the simulation which look peculair owe to

the fac t that , previously, some processing of actual signals was

done at RADC. An 8-bit ADC was used to produce 8-bit approxima-

tions of signal values and blocks of 2048 of these were stored

on magnet ic tape. Later , this information was computer-proces s-

ed. The programs used in the present study inc lude portions of

the previously-used program.

\\ Below is a list of key variables in the simulation programs

alon g with the corresponding variable (if any ) In Section 4 and

I ts i nterpre tati on:

TSA (T) sam pling period (1/12000 sec.);

Fl (f1 ) Her tz-frequency of the transmitted signal;

A (A) am plitude of the transmitted signa l
NP (p) num ber of poles;

N (N) num ber of error terms in the minimization
process for determ ining the prediction
coeffic ients in (3.1);

NN (= N + p) the number of previous samples needed to
p red i ct s(mT )

NB ( ) num ber of ADC bi ts;
s ( J )  (s(iT)) value of the received signal at time iT;

P(I ,J) ~~ .(m ,N)) coe fficient of in equation I of the
3 lInear system (3.2), • Is def ined in ( 3 . 3 ) ;

P0(I) (~ 01 (m,N)) constant on the right in equation i of
the linear system (3.2), • is defined In (3 .3 ) ;

R(K) (r1 ) ma gnitude of the root of (2.3) in the
upper hal f-plane;

F(K) (f 1 ) Hertz-fre quency corresponding to the root
of (2.3) In the upper half-plane ;

FC ( ) the radian-Hertz conversion factor 6000/n
in (4.5);

DEL ( A )  the determinant of the system (3.3) (see
(4.8));

Al (i~ ) coefficient in equation (2.3) with p 2;
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A2 ( a 2 ) coe f f i c ien t  in equat ion  (2 .3 )  w i t h  p = 2;

AM ar it hmet i c mean of F ~~ {f(mT): m c
(6 , 7, . . . , 2048));

SD standard dev iation of F, the frequencies

We assume henceforth that the amplitude A (measured in volts)

of the transmitted signal is in [-5 , 5]. In the simulation of

t he  ADCs b e h a v i o r , the signal S (J) in the interval [-5, 5], of

le n g t h  10 , Is mapped into the integer in terval  1..2 N B l , 2 N6 . l ]

F by followin g x~—~.(2~~/lO)x by chopping to an integer , and the

in teger Is mapped back into a computer real number In [-5 , 5] by

V 
x,—~

_
~,(lO/2

N8)x.

In a certain average sense , bi nar y rep resentat i ons of num bers

have 1092(10) (= 3.32)  t imes as many symbols as do the correspond-

in g decimal representations when both representations terminate .

Thus it was apparent to the writer that the 8-bit ADC was not

adequa te for dealing with frequencies in (0, 6000).

One of the programs used in the simulation appears in the

Appen dix. Its purpose Is to determine the effect of the number

of ADC bits on the performance of the model. The results , given

In Table 1 , of executing th is program confirm the conclusion

about the inadequacy of the 8-bit ADC.

H 1-14 
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This program uses 5 samples (N=3 , p=2 ) to form each estimate

of the frequency (f1 ). The frequency is estimated 2043 times ,

us ing 2048 samples. These samples are generated with a specifi ed

num ber of bits of ADC precision (NB ) using the procedure outlined

previously. The mean (AM ) and standard deviation (SD ) are

com p u ted i n su b rou ti ne STAT S from th e 2043 frequenc y est i ma tes

us ing the following formulas:

V 

1 2043
AM = 

2043 i~ 1 ~

2043 2
SD = 2043 .~~~ 

(f~ - 3250 )
1=1

Table 2 shows the variation of AM and SD with N , the num ber

of error terms used in the minimization. In the case NB = 14 ,

cen tral processor (= CPU) time is given also. These times include

the execution time for the statistical calculations. Thus absolute

differences are meaningful to the determination of the effect on

execu ti on ti me of ch an gi n g th e value of N , wh ereas rela ti ve

I__ 

‘
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TABLE 1

Mean AM and standar d deviation SO of predictions for
the number of ADC bits NB - 2 , 3, . ..  , 16 , 27* w i th
A 1.5 , N 3, and Fl 3250.

NB AM SD

2 6000.0000 2749.9994
3 3497.7974 1677.3801
4 3252.4888 226.23133
5 3248.9677 78.865247
6 3249.5983 33.414235
7 3249.6557 21.808373
8 3249.9485 11.663445
9 3249.9887 4.8569507

10 3249.9991 2.4628091
11 3250.0001 0.77203118
12 3250.0004 0.22295413
13 3249.9985 0.18255417
14 3249.9960 0.15308648
15 3250.0002 0.075419844
16 3250.0008 0.034125918
27 3250.0001 0.0066758151

differences are not. It appears that adding 1 to the value of N

Increases execu tion time by approximately (1/3)(O.000l) hr. or

0.12 sec. Note that execution of the program Involves 2043

(z  2048 - (3 + 2)) calcu lat i ons of an f1, T1~us the added time

for calculation of each value of f1 Is approximately 5 .lO~~ sec.

Execu tion times are of interest as the ultimate goal is real -

time implementation of the model.

*Here we have used 27 precIsion-bit floating-point representations
and ar ithmetic with the ADC simulation portion of the program
deleted.

1-16
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TABLE 2

Mean AM and standard devia t ion SD of predictions for
the number of error terms used in the minimization N
= 2, 3, ... , 12 with A = 1.5, Fl = 3250, and NB = 8,
10, 12 , 14, 16 , an d 27.

N B = 8

N AM SD

2 3250.0737 15.632812
3 3249.9485 11.663445
4 3249.9371 9.3071191
5 3249.8821 7.1128755
6 3249.8813 6.0597079
7 3249.8710 5.2067635
8 3249.8677 4.4239790
9 3249.8625 3.3021908

10 3249.8594 2.8550067
11 3249.8582 2.2166742
12 3249.8565 2.0223015

NB = 10

N AM SD

2 3250.0018 2.9927573
3 3249.9991 2.4628091
4 3249.9970 2.0885355
5 3249.9975 1.7026238
6 3249.9979 1.6084557
7 3249.9978 1.2938950
8 3249.9922 1.0680774

L 

9 3249.9925 0.73630817
10 3249.9945 0.56215978
11 3249.9921 0.39859506
12 3249.9906 0.35790581
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r
NB 12

N AM SD

2 3249.9978 0.28106676
3 3250.0004 0.22295413
4 3250.0015 0.14402156
5 3250.0015 0.13972569
6 3250.0001 0.081098709
7 3250.0009 0.067171544
8 3249.9994 0.059041822
9 3250.0011 0.044649824

10 3250.0009 0.047537731
11 3249.9999 0.052555363
12 3250.0009 0.046175324

NB = 14

N AM SD CPU TIME

2 3249.9988 0.21686259 0.0009
3 3249.9960 0.15309648 0.0009
4 3249.9997 0.11826708 0.0010
5 3249.9983 0.10109097 0.0010
6 3249.9958 0.066045111 0.0010
7 3249.9998 0.059400090 0.0011
8 3249.9980 0.052958412 0.0011
9 3249.9972 0.032415771 0.0011

10 3250.0021 0.037008012 0.0012
11 3249.9973 0.038732876 0.0012

V 12 3250.0007 0.033104122 0.0012
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NB = 16

N AM SD
V s - ____________________________________________________

2 3249.9999 0.045065880
3 3250.0008 0.034125918
4 3249.9995 0.024391433
5 3249.9991 0.021149200
6 3250.0010 0.019371934 

V

7 3249.9993 0.015833400
8 3249.9985 0.013296252
9 3249.9994 0.011714947

10 3249.9999 0.010651756
11 3249.9995 0.0083492643
12 3250.0000 0.0071696392

N B  = 27

N AM SD

2 3250.0003 0.0087628514 
V

3 3250.0001 0.0066758151
4 3250.0000 0.0042304078
5 3250.0000 0.0027758344
6 3250.0000 0.0017828080
7 3250.0000 0.0020461476
8 3250.0000 0.0021599298

j . 9 3250.0000 0 .0019517387
10 3250.0000 0.0015333511
11 3250.0000 0.00091071260
12 3250.0000 0.0010223139

I
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The next table shows the variation of AM , SD , and the

signa l-to - (quantizat ion and roundoff) noi se ratio SNR , given

by 2O .l0g 10 (2 NBA /lO), with A.

TABLE 3

Mean AM , standard deviation SD , and signal -to- (quan-
tization and roundoff) noise ratio SNR for the amp l i- V

tude of the transmitted signal A = 0.5 , 1.0, 1 .5 , .
5.0 with N = 3 , Fl = 325 0, an d NB = 10, 12 , 14 , and 16.

NB = 10

A AM SD SNR

0.5 3249.9668 6.9402777 34.185400
1.0 3249.9982 2.0219451 40.205999
1.5 3249.9991 2.4628091 43.727824
2.0 3249.9991 1.5623139 46.226599
2.5 3249.9962 1.5531899 48.164799
3.0 3250.0001 0.77203118 49.748425
3.5 3250.0002 1.3622908 51.087360
4.0 3250.0012 0.72204416 52.247199
4.5 3250.0019 0.42808743 53.270249
5.0 3249.9961 0.98476960 54.185400

NB = 12

A AM SD SNR

0.5 3249.9991 1.5623139 46.226599
1.0 3250.0012 0.72204416 52.247199
1. 5 3250.0004 0.22295413 55.769024
2.0 3249.9994 0.53745331 58.267799
2.5 3249.9979 0.44305741 60.205999
3.0 3249.9985 0.18255417 61.789624
3.5 3250.0007 0.20943003 63.128560
4.0 3249.9981 0.27760254 64.288399
4.5 3250.0016 0.16504455 65.311449
5.0 3250.0001 0.16447618 66.226500
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NB = 14

A AM SD SNR

0.5 3249.9994 0.53745331 58.267799
1.0 3249.9981 0.27760254 64.288399
1.5 3249.9960 0.15309648 67.810224
2.0 3250.0001 0.12638791 70.308999
2.5 3250.0036 0.086964880 72.247199
3.0 3250.0002 0.075419844 73.830824
3.5 3249.9987 0.056363066 75.169760
4.0 3250.0002 0.056470926 76.329598
4.5 3250.0023 0.025813821 77.352649
5.0 3249.9998 0.049159881 78.267799

A AM 

NB = 

SD SNR

3.5 3250.0001 0.12638791 70.308999
1.0 3250.0002 0.056470926 76.329598
1.5 3250.0008 0.034125918 79.851424
2.0 3249.9998 0.033097830 82.350199
2.5 3250.0016 0.024226625 84.288399
3.0 3250.0005 0.017549278 85.872024
3.5 3249.9992 0.021185211 87.210959
4.0 3249.9992 0.018053080 88.370798
4.5 3250.0004 0.015683560 89.393849
5.0 3249.9998 0.015091892 90.308999

Table 4 shows the variation of AM and SD with the frequency

Fl of the transmitted si gnal. As there are 14-bit ADC 5 avail-

able commercially and mode l performance is quite good with NB =

14 accor di ng to Ta b le 1 , we le t NB 14.

The strange variation of SD with Fl results from the sam-

pling process and finite precision arithmetic. As the possible

s ignal frequencies are less than 6000 Hz., we mus t sample at the

1-21
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TABLE 4

Mean AM and s tandard  d e v i a t i o n  SO of p red i c t i ons  for
Fl = 125 , 250, 375 , . . . , 5875 with NB = 14 , N = 3 ,
and A = 1.5.

F l AM SD

125 119.24084 36.594588
250 249.51668 13.343529 

V

375 374.99050 2.1931926
500 499.99242 2.2354304
625 624.99677 1.6018316
750 750.00167 0.41421278
875 874.99947 0.93162946
1000 999.99837 0.73667024
1125 1124.9997 0.35508527
1250 1250.0013 0.36510814
1375 1374.9998 0.33071683
1500 1499.9985 0.24333926
1625 1624.9985 0.24277011
1750 1750.0004 0.10973179
1875 1875.0006 0.10363140
2000 2000.0000 0.
2125 2124.9995 0.18358279
2250 2250.0019 0.073796298
2375 2375.0001 0.21530845
2500 2499.9964 0.090456136
2625 2625.0006 0.12147366
2750 2750.0028 0.15310039
2875 2875.0002 0.18313020
3000 3000.0000 0.
3125 3124.9978 0.18266767
3250 3249.9960 0.15309648
3375 3374.9995 0.12147751
3500 3500.0056 0.090457460
3625 3625.0008 0.21415340
3750 3749.9958 0.073787051
3875 3874.9984 0.18436528
4000 4000.0000 0.
4125 4124.9997 0.10363143
4250 4249.9976 0.10972426
4375 4374.9999 0.24238029
4500 4499.9988 0.24332672
4625 4624.9993 0.33069280
4750 4750.0037 0.36511440
4875 4875.0005 0.35509441
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Fl AM SD

5000 4999.9958 0.73666593
5125 5124.9982 0.90562031
5250 5250.0022 0.41419801
5375 5375.0008 1.5328385
5500 5500.0052 2.2354247
5625 5625.0086 2.1931942
5750 5750.4873 13.343526
5875 5880.7836 36.559757

rate of at least 12000 samples per second according to the Sam-

p l ing Theorem [1; p. 291]. Thus we are led to letting T =

1/12000. For Fl 2000 (respectively, 3000 , 4000), we have ~
2kTTF1/12000 = krr /3 (respectively, kir/2 , 2krr/3) and sin( ci) = .50

(respectively, 1.0 , .50) in exact arithmetic. As the library

SIN function is accurate to 8 decimal digits , sin(a) is exact

and 1 .5sin( c. ) is also exact with two significant decimal digits.

In these cases , it can be shown that the first step in the simu-

lation of the ADC s behavior leads to an integer if NB = 14; thus

the ADC simulation leads to the exact frequency Fl as the pre-

dicted frequency. Thus , the value 0 for SD in case Fl = 2000,

3000 , or 4000 is explained. Similar reasons for other irregu-

larities can be given.

The program leading to Table 4 was executed with Fl ranging

from 125 to 5875 by steps of 25; however , for ob v i ous reasons

not all of these values appear in the table. The original at-

tempt at execution for Fl rangin g from 25 to 5975 lead to execu-

tion-time errors. Further work showed that the trouble begins
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somewhere In the interva l s [100 , 125) and (5875 . 6000). Obvi-

ousl y, as Fl approaches 0+ (6000), the radian measure of

in (4.4) must approach O~ ( n ) .  Thus the d iscr im in a nt d df

‘Ia2 - a 1 - must approach 0 in both cases. Print i nq values of

some intermediate variables for the bad cases showed that d

took on negative va lues with in cre a s in q frequency as Fl ~iot

c l ose r an d c loser  to O~ (6000 ). Qu anti: ation and roundoff

noise had taken its tol l .

The next tab le shows the variat ion of AM and SD w ith block

size. Ultimately, a block size sm aller than 2048 m ay be used.

We note that the performance of the model is reasonably uni-

form over block size.

TABLE 5

Mean AM and standard deviation SD of predictions for
V block size = 8, 16 , 32 , 64, 128 , 256, 512 , 1024 % and

2048 with NB 14 , Fl = 3250 , and A = 1.5.

BLOCK S IZE AM SD

8 3249.9163 0.10430552
16 3249.9741 0.19046609
32 3249.9907 . 0.14852447
64 3249.99s2 0.16077075

128 249.9980 0 .15215203
256 3249.9989 0.15498016
512 3250.0002 0.15291365

1024 3249.9998 0.15360796
2048 3249.9960 0.15309648

Finally, relative frequencies and cumu l ative relative fre-

quencies of the predictions were obtained in the absence of the
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f probabi l ity densi ty function (= POF) and the distribution

function (= OF).

TABLE 6

Approximations of the probability density function
POF and the distribut ion function OF of the predi c-
tions with NB = 14 , N = 3, A = 1.5 , an d Fl 325 0.

PREDICTION APP ROX. POE APPR OX. OF
INTERVAL ON INTERVAL AT RIGHT

3249.45-3249.50 0.041605482 0.041605482
3249.50-3249.55 0. 0.041605482
3 2 4 9 . 5 5 - 3 2 4 9 . 6 0  0. 0 .041605482
3249.60-3249.65 0. 0.041605482
3249.65-3249.70 0. 0.041605482
3249.70-3249.75 0. 0.041605482

f 3249.75-3249.80 0.16691140 0.20851689
3249.80-3249.85 0. 0.20851689
3249.85-3249.90 0.083700441 0.29221733
3249 .90 -3249 .95  0 .16691140 0 .459 12873
3 2 4 9 . 9 5 - 3 2 5 0 . 0 0  0 .2080274 1 0 .667156 14
3250.00-3250.05 0. 0.66715614
3250.05-3250.10 0.16642193 0.83357808
3250.10-3250 .15 0.083210965 0.91078904
3250.15-3250.20 0.083210965 1.00000000

The ‘~grainy ° nature of the above results is again the effect

of quantization and roundoff. To partially negate these effects

the program was run again with the quantization portion missing

so that 27-bit floating -point representations and arithmetic

p reva i l.

1-25

~~~~~~~~~~~ ~~~~~~~~~~~~~~~~ 
. .:: j~~~ T.. ~~~ ~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



T A B L E  7

Approximations of the probability density funct ion
POE and the distribution function OF of the predic-
tions with N = 3 , A = 1.5 , Fl = 3250 , and 27-bit
f l oa t i ng -po in t  representa t ions  and an t hme t i c .

PREDICTION A PPROX. PDF APPRO X . DF
INTERVAL ON INTERVAL AT RI GHT

3249.985-3249.990 0.12922173 0.12922173
3249.990-3249.995 0.0~ l742535 0.21096427
3249.995-3250.000 0.2V~95937 0.49192364
3250.000-3250.005 0.36~ l4929 0.85707294
3250.005-3250 .010 0.064121390 0.92119432
3250.010-3250.015 0.042094959 0.95790504
3250.015-3250.020 0.042094959 1.00000000

6. CONCLUSIONS AND RECOMMENDATIONS

As Ind i ca ted earl i er , the problem of obtaining confidence

Interva ls  for th e f1 c F appears to be intractable , even for the

simple case of a single-frequency signal (F = {f1 }) in nois e.

However , simulation of the single-frequency case , with the

onl y noise being quantization and roundoff noise , has s h own

that the MEM performs quite well in terms of sam pling variabil-

ity of f1.
If results similar to those in Table 1 hold for the two-

freq u enc y s i gnal s i mula t ion and the frequenc i es di f fer by, say ,

50 Hz., it is obvious (as SD = 11.7) that an 8-bit ADC is m ade-

qua te and that an ADC giving 12-16 bits is desirable. A catalog

searc h has shown that 12-bit ADC s with 2~ sec.  sam p li ng t ime and
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and 14-b it ADCs with 50 usec. sampling time are available corn-

mercial ly.

From Ta b le 2 w I th NB 14 , we see that model behavior Is

good w ith N s 3 but that SD can be decreased by a factor  of

approximately 4/5 (that is , to 1/5 of its value for N • 3) by

increasing N to 12 at the cost of Increasing CPU time by a fac-

tor of app roximately 1/3. If the single -frequency case were

of pract ical interest , It would not seem des irable to increase

N in view of the desire to operate In real-time and the good

performance of the model with N = 3 (and NB = 12-14) .

From Table 3 w I th  NB = 12 (or 14), we see that model per-

formance is good w i th  transmitted signal amplitude A = 1.5.

H o w e v e r , SD can be decreased by a factor  of approx imate ly 3/4

(or 5/ 6 )  by Increas ing A to 4 .5 .

From Ta bl e 4, we see th at model performance i s q uit e good

for f1 c (1000, 5000) but deteriorates rapidly as f1 a pp roaches

0~ and 6000 . Again , if similar results hold for the two-fre -

quency signal case , values of f1 and f 2 in [15 00, 4500] would

give excellent results.

Tab le  5 shows that model performance is qui te uniform and

good for block sizes ranging from 128 to 2048. Thus a reduction

of block size to the vicinity of 128 , as Is an t ici pated , w i ll

no t adversely effect results.

There rema ins a substantial amount of work to be done In

assess ing the performance of the MEM in case #F ~ 2. In the

two-frequency signal case , operation counting shows that Gauss

4
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elimina tion is decidedly superior to use of Crame r ’ s Rul e .
Also , it is likely that use of some iterative algorithm for

finding polynomial roots is better than use of the quartic

formula (which generally requires use of the cubic formula)

for solving (2.3) with p = 4 .  Of  c o u r s e , f o r  #F 3 (p  > 6 )

no formula exists for solving (2.3). A substantial portion

of the computing time is required by the COV subroutine ,

which is probably as efficient as is po ssible. With the real-

time goal in mind , it is vital that the most efficient algo-

rithms for solving linear systems and polynomial equations be

found. S
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A P P E N D I X

C~•1ETA PROGRAM META

DOUBLE PRECISION TSA ,TPI ,TC ,W 1
COMMON/SAMP/S ( 2 0 4 8 )
COMMON/FREQ/F (2048)
C OMMON/RMA G/R ( 2 0 4 b )
COMMON/P H I/P (2 , 2)
C O M M O N / P H O / P O ( 2 )
C OMMCN/TFR Q/F 1

C ASSIGN VALUES TO VARIABLES
DATA TSA, TP I/ b3 . 3 3 3 3 3 3 3 3 3 3  333333D 6 , b . 283 1 b 5 3 0 7 17 9 5 8 b 4 7/  —

DATA PI ,FC ,F1/3.14159265,1909 ,85931,3250 ./
DATA K U , A .,N P ,N ,AM ,SW2048,1.5,2,3,0. ,0./
NN NP + N
KL=NN + 1

C LOOP TO CALCULATE AND PR INT PREDICTED FREQUENCIES FROM (4.4 )  AND
C (4 .5)AND MEAN AND STANDARD DEVIATION THEREOF FOR NUMBER OF BITS ~C 2 ,3,...,16

DO S N 82 ,16
W R I T E  (~~,~~0 0 )  NE

200 FORMAT (1b ~i NUM B ER OF BITS .13/I)
C CALCULATE EXACT TRANSMITTED SIGNAL VALUE FROM (4.1)

WJ~~F1*TPI
DO 10 J=1,204~

FJ~~J 1
TC FJ* T SA
TS W 1*TC

10 s(J) A*SIN(TS)
C SIMULATION OF ADC QUANTIZATION ~W THE SI GNAL

N 2 P 2**NB
P N B~ N B P
DV~~10./PNB
DVI PNB/ 10.
DO 15 J 1 ,2048

X~ s(J)
X X ~ [JVI
K P X
X K P

15 s(J) X*DV
C CALC ULATE COEFFICIENTS FOR AND SOLVE LINEAR SYSTEM (3.2) USING
C (4 .b ) — ( 4 .b )

DO 20  K K L ,KU .

K K K
CALL COV(NP,NN ,K K )
DEL~ P ( 1 , 1) *P (2 , 2 ) _ P ( 1 , 2 ) * P ( 2 , l)
A1 ( P ( 1 , 2 ) * P O ( 2 ) _ P O ( 1 ) * P ( 2 , 2 ) ) / D E L
A2 ( P ( 2 , 1 ) * P O ( 1 ) _ P O ( 2 ) * P ( 1 , 1 ) ) / D E L

F ( K ) ~~FC *ARCT A ( _A 1 , SQRT ( 4 * A 2 _ A l * A l ) )) C CALCULATE AND PRINT PREDICTED FREQUENCY

R (K) SQRT (A2)
20 WRITE (6,300) K,R (K), F ( K )

30~ FOR MAT (1X .Ib .2G20.b )
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C CALCULATE AND PRINT MEAN AND STANDARD DEVIATION OF PREDICTIONS
CALL STATS (AM IP SD,KL ,KU )

5 W R I T E  ( 6,4 0 0 )  AM ,SD
400 FORMAT (1X ,2 G2 0 .b///)

STOP
END
SUBRO U T I N E  COy (N P . NN I LP)
COMMO N/SA MP/ S ( 2 0 4 6 )
COMMON/ P H I/P ( 2 ,2 )
COMMO N,’ PHO/ P 0 ( 2 )

C CA LCULATE THE P}II (I,J) OF (3.3)
C CALCULATE DIAGONAL ELEMENTS . PH I ( J ,J ) ,  OF COVARIANCE MATRIX
C ASSIGN TO P(J,J)

L L P ~~1
N I~~NN’ NP
NL~ LP’ NI
B 0 .
DO 5 J N L , L

5 13=B+S (J)*S (J)
DO 10 J= 1 , NP

K LP— J
I=NL- J

10 P ( J ,J ) = B
C CA LCULAT E RE M A I N D I N G  P H I ( I ,J)

DO 15 K K 1 ,N P
B 0 .

C CALCULAT E P H I ( U .,KK) - ASSIGN TO POO-~X )
DO 20 J 1 ,NI

N L P J
M N  KK

20 B B + S ( N ) * S ( t i )
P0 ( K K ) = B

C CALCULATE P H I ( I , J ) , J I ~~KK ,1<I<NP 1,2<J<NP — ASSIGN TO P(I ,J )
I F  ( K K .EQ.NP) GO TO 15
DO 25 K=1,N P KK

1 K
J K K + K
N L P K
M N  KK
N 1 N L K
M1 N 1 KK
B B+S (N1~ *S~~M1)_S (N)*S(N)
P ( I , J )~~B

25 P ( J ,I ) E
C THE PR E VIOUS STA TE M ENT TAKES A DVANTAGE OF SY M ME T R Y OF
C COVARIA NCE MATRIX

15 CONTINUE
R ETURN
E N D
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APPENDIX

CMETA PROGRAM META

1 DOUBLE PRECISION TSA, TPI ,TCD W I
COMMOWSAMP/S(2048)

- 
C O M M O N / F R E Q / F ( 2 0 4 8 )

f COMMON/RMAG/R (2046)
COMMON/PHI / P ( 2 ~~2 )
COMM ON,’P H c Y P O ( 2 )
COMMCN/TFRU/FJ

C ASSIGN VALUES TO VARIABLES
DATA TSA, TPI/ 63.3333333333333333D 6,6.2b 31 8530717958647/
DATA PI ,FC ,F1/ 3.14159265 ,1909 .85931 ,32 50 ./
DATA KU ,A ,N P ,N ,AM , StV2048,1.5,2,3,0.,0./
N N N P+ N
KL NN+ 1

C LOOP TO CALCULATE AND PRINT PREDICTED FREQUENCIES FROM (4.4 )  AND
C ( 4 .5 ) A N D  MEAN AND STANDARD DEVIATION THEREOF FOR NUMBER OF BITS
C 2 ,3,~~~ .,16

DO 5 N B 2 ,1ô
WRITE (6,2 0 0 )  NE

20 0 FORMAT ( 1SH NUMBER OF BITS • I 3/ / )
C CALCULATE EXACT T R A N S M I T T E D  SIGNAL VALUE FROM ( 4 .1)

W 1 F 1*TPI
DO 10

F J J ~~1
~~~~~ TC FJ*TSA

TS WX *TC
10 s(J)~ A SIN (TS)

C SIMU LATION OF ADC QUANT IZA TION C~F ThE SIGNAL
N B P 2**NB
P NB’ N B P
DV~~10 ./ P N B
DVI PNB/10 .
DO 15 J 1 , 2 04 8

X S ( J )
X X *DVI
K P X
X K P

15 s (J)~~X*DV
C CALC ULATE C O E F F I C I E N T S  FOR AND SOLVE LINEAR SYSTEM (3. 2 )  U S I N G
C (4.6)—(4.b)

- DO 20 K KL, KU
K K K
CALL C O V ( N P , NN P K K )
DELZP(1 ,1) *P ( 2 ,2 ) P ( 1,2 ) * P ( 2 ,1)
A 1 (P ( 1 ,2)*PO(2)_ PO(1)*P (2,2))/DEL
A2 ( P ( 2 ,.1 )*PO(1)_ PO(2)*P (1,1))/DEL

C CALC.ULATE AND PR INT PREDICTED FREQUENCY
F (K~ EFC*ARCTA(_A 1 , SQRT (4*A 2_A 1*A 1))
R ( K ) ~~SQRT (A2)

20 WRITE ( 6 ,300)  K , R ( K ) , F ( K )
30~ FORMAT (1X z$ .2G20 .b )
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C CALC ULATE AND PRINT MEAN AND STANDARD DEVIATION OF PREDICTIONS
CALL STATS (AM ,SD ,K L S K U )

S WRITE (Q ,4 0 0 )  AM , SD
400 FORMAT (1X,2 G 2 0.b///)

STOP
END
S U B R O U T I N E  c O V ( N P , NN , LP)
COMMONISAMP/S (2046)
COMMONJP1{I/P(2 .~~)
C OMMON/P HO/P0(2 )

C CALCULATE THE P u I ( I , J )  OF (3 .3)
C CALCULATE DIAGONAL ELEMENTS , P H I ( J ,J ) ,  OF COVARIANCE MATRIX -
C A S S I G N  TO P ( J , J )

L L
N I N N N P
N L L P N I
B 0 .
DO S J N L ,L

5 f3 13+5 (J)*S (.J)
DO 10

K L P J
I N L J
P B + S ( I ) S ( 1) _ S  ( K ) * S ( K )

10 ( )
C CA LCULATE RE M A I N D I N G  P H I ( I ,J )

DO 15
B U .

C CALCULAT E PHI  ( U , K K )  - ASSIGN TO PO (KK)
DO 20 J 1 , N I

N L P J
M N K K

20 B B+s (N) *s (M) •1

P O ( K K ) B
C CALCULATE P H I ( I , J ) , J I K K , 1 <I < N P 1, 2 < J < N P  — ASSIGN TO P(i ,J)

I F  ( K K . E Q . N P )  GO TO 15
DO 25 K - 1 , NP KK

I K
.J KK+K
N L P K
M N K K
N1.”NL K
M 1 N  1—KK
B’B~~S (N1)*s(M1)~~S (N) *s CM)

25 P ( J , I ) = E
C THE P R E V I O U S  STATEMENT TAKES ADVANTAGE OF SY M M E T R Y  OF
C C O V A R I A N C E  M A T R I X

15 CONTINUE
RETURN

S END

~II~ 
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S U B R O U T I N E  STATS ( A M , S D ,K L , K U )
C STAT S CALCULATE S THE MEA N AND STANDARD DEVIAT ION OF THE
C KU— (NP+N ) PREDICTED FREQUENCIES F(J)

COMMON/ F REQ/ F ( 2 0 4 6 )
COMMON ,’ TFRQ ./ F I.
sJ~~0.
s 2 = 0 .
XN KU— KL+ 1
DO 5

s1~ s1+F (J)
S S2~~s2+ (F (.J)_F1)**2

AM~S 1/ XN
S D SQ RT ( S 2/ XN )
R E T U R N
E N D
FUNCTION ARCTA(X J Y )

C AR CTA CALCULATE S RADIAN FRE QUENCY DETER M INED BY ROOT X+JY OF
C (2,3)  BY US E OF (4 4 )

DATA PI ,HPI/3.14159265, 1.57079632/
IF (X ) 1,2,3

1 ARCTA ATAN (Y/X)+PI
R E T U R N

2 ARCTA~ RPI
R E T U R N

3 AR CTA ATAN(Y/X)
RETURN
END
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MAXI?V.Th1 ENTROPY SPECTRAL

DE!’~JDUIVATOR fl’WESTI GATION II

1. INTRODU CTION

A transmitted signal , which is n~ sked by noise and , possibly, interfer-

ence, is assumed to be a sinusoid with Hertz-frequency which varies over some

finite set F of positive real numbers. Let s(t) be the value of this coritInu—

ous-time signal at time t. Of particular interest is the case where ~F 2;

that is, where the frequency is switched back and forth between t~~ distinct

values .

The object of this study is to evaluate the performance of the Maxiiiun

~~~~~py ~k-t~i~ i 
(~ ~~~) of spectral esti~~ tion for short se~~ents of the dis-

crete-time signal which r€~su.lts fran san~ ling s(t) every T seconds. To he

nx re specific, we wish to determine the accuracy of the MEM estimates of the

transmitted signal frequencies for the cases (a) received signal trans-

mitted signal + noise and (b) received signal transmitted signal + noise +

interference.

The ultimate goal of this project is the real—time use of the ~~~ (if

feasible) to identify the frequencies of a transmitted signal, thereby

countering the effects of noise .~nd interference (such as that produced by

a keyed , slewing , or CW j arrmer) .

In this paper, we obtain a result (Corollary 6.5 )  which explains the

excellent perfoni~nce of the HEM in a simulation 
[ t 4 ~ for the simple case of

a single-frequency sinusoidal signal with no noise (s(kT) AsinC’n- fkT + P ) ) .

An effort to resolve the problem in case (a) above (tU ~1’) s(kT ) + n(kT),

where s(kT) is as above and n(kT) is independent, zero—mean, Causslan noise)

11-3
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has not been successful. This effort will be continued with the support of

Grant # AFOSR 78 - 36l~ .

2. ThE MODEL

We ni~del the sampled signal s(kT ) as the output of a linear discrete

system (~ 11)5) [1] ; in particular , by the difference equation

p
(2.1) s(kT) — a. s ( ( k — j ) T )  + u(kT) ,

j~l ~

where the a~ are real ntmbers , T is the sampling period , and u(kr) is the

transmitted signal at time kT. As (2.1) enables one to “predict” s(mT) from

s((m — 1)T), ... , s((m — p)T), and u(mT), the name “linear predict ion” is also

associated with the HEM.

There are several other equivalent representations of the LDS given by

(2.1) [1; pp. 85 - 861 . For frequency-domain considerat ions, the representa-

tion

S(z) H(z)U(z),

where S(z) and U(z) are the z-transforms of s(kT) and u(kT) respectively arid

H(z) is a rational function of z called the “system transfer function ,” is

useful [ 1;  pp.  2 2 0  - 282] . The transfer function corresponding to (2.1) is

given by

H(z) 1 /( 1  + a~ z
fl ) .

Thus H is an “all-pole” transfer function with p poles, namely , the p solu-

tions of the equation 1 + a. = 0 or, equivalently (if z ~ 0, as is

required by the definition of the z-transforrn) ,

(2 .2 )  + a1z~~~ + ... + a~~~1
z + a~ 0.
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(~~. .‘)  
~~(m, N) ~1~ (m 1 N )  — N ) 1 

when’, t o P  a )  (1. ~
) 
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4. ThE ANALYTICAL APPROACH

The determination of the frequencies f1 £ F exhibited by the trans-

mitted signal involves (a) calculating the $1~(m~ N) fran (3.3), (b) solving

the system of linear equations (3.2) for the , (c) solving the polynomial

equat ion (2.2) with “
~~~~~

“ in place of “a~”~ (d) determining the radian—

frequency in the polar form r~ ex~(±iO~) of each of the complex conjugate

pairs of roots of ( 2 . 2 ) , and (e) multiplying by an appropriate real

nunt er to obtain the Hertz-frequency .

The problem of determining a confidence interval for Which requires

finding a probability density function, is difficult, even for the simple

case F {f1} with noise. This case, in which a two—pole nodel (p 2 and

the equation (2.2) is quadratic) is appropriate, was considered by the

writer in 1977 under the USAF/ASEE Suni’r~r Faculty Research Program. Late in

this program, this analytical effort was abandoned in favor of a computer

sirtulation . In this paper , we return to the theoretical effort.

5. COMPUTER SIMUlATION

In the a1x)ve-cited simulation , we assumed F (f1 
} and the transmitted

signal is A sin(27rf
1
T), with f 1 c (

~, 6000) and T 1/12000 (in accordance

with The Sampling Theorem [1; p. 291 1) , ignoring noise of the type cited in

[3; pp. 3 - 51 and interference; thus the only noise is “quantization noise”

( from use of a simulated analog-to-digital converter (: ADC) in sampling the

continuous-time signal) and “roundoff noise” ( from performing the HEll calcu-

lations with a digital computer’) . This simulation shcMed excellent perform-

ance of the MEM for sampling with 12 - 16 bit ADCs (which are available

ccimercially) if f1 is not too close to either 0 or 6000 [4; pp. 10 — 26].
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The table below fran [4; p. 17] gives the arithnetic mean (= AM) and

standard deviation (= SD) of 2043 predicted frequencies for the nuither of

error terms used in the minimization N 2,3 , ... , 12 with A 1.5 , f1 3750,

and simulation of a 16-bit ADC.

N AM SD

2 3249.9999 0.045065880
3 3250.0008 0.034125918
4 3249.9995 0.024391433
5 3249.9991 0.021149200
6 3250.0010 0.019371934
7 3249.9993 0.015833400
8 3249.9985 0.013296252
9 3249.9994 0.011714947
10 3249.9999 0.010651756
11 3249.9995 0.0083492643
12 3250.0000 0.0071696392

6. ThE TWO-POLE CASE WI fl-IOUT NOISE

In this section, we give some theoretical results which explain the

excellent performance of the ME}1 in the above-cited simulation

Throughout the remainder of this paper , we use R and to denote the

set of real numbers and the set of positive integers respectively.

6.1. Len-ma. For all B, P t R , k , m, n ~ Z~,

sin((k+m)B+P) sin((]c+ ri)B+p) — sin((k+m+ri)B+P)sjn (kB+P)

Sin(TflB) sin(nB).

Proof. By familiar trigonometric identities, the left—hand side of the

above equality is equal to

(l 1 2) ( c o s ( ( m—r i ) B)  — cos ((2k+m+n)B+2p))

— (l/2)(cos((m + n)B) — cos((2)-. +m+n)B #2p))

11-7
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(1/2) (cos((in—n)B) — cos((m +n)B)

sin(((m~~n+m—n)/2)B)sin (((m+n— (m— n))/2)B)

sin(mB) sin (riB) .

6.2. Corollary. If, for all k £ Z~,

~~
‘K ~~~ sOcT) A sin(2 ’rfkT+P) ,

where f, F, T c R, then, for all ]~z , m, n ~ Z~

5k +  m Sk + fl 
- 5k +m + 

S~J( A2 sin(2itfmT)

In particular , for m  n 1, we have + i
2 — SkS~K+2 

A2 sin2 ( 2irf’r) . - :
6.3. Theorem. If p 2, N £ Z~ — (1), in N + p + l , 5’K 

is defined as in

Corollary 6.2, 0 < P 
~~. 

2-it , and 0 ~ f ~ç l/(2T), then (a) the system (3.2 )  is

singular if and only if f 0 or f l/ (2T) and (b) in the non-singular case,

its solution is the pair (~ ,ç) given by ~~ -2oos(2 -it fT ) and 1.

Proof . (a) Ifp: 2 andm :N #p +l, then (fran (3.3))

and the system (3.2) is as follows:

(s
2
2 + S3 + + sN+l

2) a1 + (5
~ 

~ 2 
+ 
~2 

s3 + ... + 5N

(6.1) ~~
(s
2 s3

+ s 3 s4+ ... + sN+l sN+2
)

(s
1 

S
2 

+ 
~2 

S3 
+ + 5N ~N+l~ 

+ (s1
2 + 52

2 + ... + sN
)
~~

_ ( s l s3 + s 2 s4 + ... + sN sN+2 ) .
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Let D be the determinant of the matrix of coefficients in (6.1) . Then

It is convenient to arrange the terms of D in a 2N by N array

U

V

Where both U and V are N by N arrays , u~~ ~~ s~
2 s~ +i

2 
~~~ v1~ ~~

— S
i 

s~ + ~ 
S
i 
S
i + ~ 

for all (i, j )  £ {1, 2, ... , N )2 . The ma.in diagonal ele—
ments of U cancel with the corresponding elements of V; that iS, U~1 + V

1~
0 for all i ~ {1, 2, ... , NI. The remaining terms of D can be grouped as

follows :

(T1~ ~~) u~~ + v1. + u~~ + v~1 (1=1 ,... ,N-1; j i+1 , ... ,N ).

Thus

N-]. N
D =~~~ ~~ 

Ti..
i~l 3:1+1

It is helpful to replace this sum by one in which we sum along “lines”
j : j  + k , k = 1,2, ... , N— 1 ; that is

N-i N-k

~ T~ i + k ~k l  1=1

Obviously ,

T ~~s 2 s 2 — s s  s + 5 2 5 ~~~~~~~ ~~~ii i j+1 I 1+1 j j+l j 1+1 j j+1 i i+1

(s~~s141 —

Hence, by use of Corollary 6.2 (with k i, m k , arid n 1), we have
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Tj j +k  = (sj+k sj+l — si+k + l S
i
) 

—

(A~ sin(2nfkT) sin(2itfT))2

= A~ sin 2(2 ir fT) sin2( 2irf)cT) .

Therefore ,

N-i
D ~ (N_k) AL* Sjn2(2 r)sin2(2I~~cT)

k:l

N-i
= AL

~ sin2(2-irf’r ) ~ (N—k) sin 2( 2,rfkT) .
k=l

Hence, D = 0 if and only if sin(2-irfT) 0 or sin(2nfkT) 0 for’ all k £

{i, 2, ... , N—l}, which is equivalent to sin(2nfT ) = 0. As 0 ~~, f ~ i/(2T),

0 ~~ 2ir fT ~ -it and , therefore , sin ( 2nfT ) = 0 if and only if f 0 or f 1/C 2T).

(b) In case D � 0, Cramer ’s rule gives the solution ~~~~~~ where
D~
1
~ / D, = D~

2
~ / D ,

D(U - (s1
2 + + 

~~~~~ + 
~~~ ~~ 

S
3 
+ S

3 
$4 + ~~~~~ + 

~~~~~

+(s
ls3 +s2 s4+ ...+sN~~+2)(sls2+s2 s3+ ...+~~~~~~),

and

D~
2
~ = _ ( s 2

2 + s3
2 + ... + sN+1

2 ) ( s1s3 + g 2 s4 + ... +~~~sN+2 )

+

To calculate ~~~~ we proceed as with D. Let u1j
W 

~~~ - S~~
2 S

i + l~ j + 2’

~~~ ~~~s1s1.f 2 s5
s~~~].~ and

11-10
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T1~
C
~
) 

u1~
( +v~~

( +u~.
)+v ..(1) (i:l,...,N_1; j=i+1,...,N).

It is easy to show that

~~~~~ = (s~~s~ +1 - Si s~~ ~ ~~~+ 2 Si 
- S I S ~ +2~~

Now, by t~~ uses of Corollary 6.2, we have

i,i+k - ~~~~~~~~~~ — S~~~~ i + 1  1+ 2  i + k  —

= ( — A 2 sin(2nfkT) sin(2itfT)) (A2 sin(2nfkT) sin(2iif2T))

— ALe sin ( 2it fT ) sin(4n-f’r ) sin 2 ( 2iifkT) .

Thus
N-i N-k

(1) — v ~ ( 1)D - L 1. T1 i + kk=l 1=1

N-i
= ~ ALe sin(2itfr ) sin(4ir fT ) ~ (N — k) sin2 ( 2it fkT) .

k:i

and 

Finally , let u1~~
2
~ ~~ -Si + 1 s~ s~ + 2’ ~~~~~ df s. + 1  ~~~ 7s~ s~ + ~~

I.,.
’T. . ‘-‘• ‘ df u..’~’ + v. .~ L/  

+ u . . ’ ’  + v. . ’— 1] 1J 31 31

By Corollary 6.2,

TI,I+k~
2
~ 

= 
~~~ I + i~~~1+k  - si si + k + l ) ( s

i + 2 s1 + k+ l  -

= 

~~~~~~ 
Sj +k - S~ Si +k+l ) 

~~(I+i)+i S(i+ l)+k - si+~ S(i+l)+k+l )

‘I - i l

— ii
t

- - .._ . - . .4 - t .- - - * _ • - .s . .

J.i ~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ ______  -5



.
~~~ 

___
~

_
~~

4_•____ ’_-5 -.-— _-- —----- . --5— - 5 - -

= (A2 sin(2ir fT) sin(2rfk’r) ) (A2 sin(2TfT) sin(2ir fk’F))-

A4 sin2 ( 2ir fT ) sin2 ( 2irfkT )

=T . -1, 1 + k

Hence, D~
2
~ = D.

Thus ,

— 
D~
1
~ —A 4 sin(2ir fT) sin(4nfT ) ( N — k )  sin2( 2-trfkT) 

. 

-

,

a
1 
: — = ________________________________________ . -

ID A4 sin2(2-itf’r) (N — k) sin2(2-ir fk-T)

—2c o s(2 nf T )

and

t ~~~~~~~ = ____ :__
]~~

We should remark that D could have been evaluated easily by use of

Lagrange’s identity ; however, this is not the case for arid ~~~~

6.4. Remarks. In case p = 2, the minimization of Section 3 must

involve at least t~~ error terms; hence, we- have assumed N � 1 in Theorem 6.3.

In case N = 1, the system (6.1) takes the form

s2 a1~~ s1s2ç= — s2 s3

s
1s2ç+ s1

2 a
2
: — s1s3

and D = D~’~ : D~
2
~ = 0. Thus, (6.1) does not have a unique solution.

There is no loss of generality in assuming m = N + p + 1 in Theor’~n 6.3.

This is an obvious consequence of Corollary 6.2. For example, if m : N + p + 2 ,

1 1—12
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then each of the subscripts in the coefficients of the system (3.2) and in

the expressions for D, ~~~~ and is one larger tl~n in the case of
(1) (~)m = N+p +i; thus, by Corollary 6.2, D, D , ar-ed D have the same values.

~ camiriation of the cases N ~ arid N = 3 suggested the proof of

Theorem 6.3. It may be helpful to give the proof cf this theorem in case

N = 2. First,

D = (si2 + 
~~~~ 

Cs7
2 + 5 2)  — (s

1 
s., -f S2 53

)

+ S
1 

S2 2 + S
1 S

3

+ S
2 ~2 

+ s2
2 s 3

2

— ~i ~2 ~i ~? 
— 

~i 
~2 ~2 ~3

— S2 S
3 
S
1 
S.-, — S

2 
$~ S2 

S
3

S
1 

$
3
2 + — s1 s2

2 s3 — s1 s.-,2 $3

— ( 2— ~~~ S

= (A2 sin2( 2 itfT )) 2

= ALe sint’(2irfT). —

Obviously, D : 0 if and only if sin(2itfT) = 0 or if and only If f 0 or

f = 1/(2T). Also,

= - (s~
2 + $2

2) 
~~ 

$3 + S3 s14
) + (s

1 
s3 

+ s2 s4
) (s

1 s2 + s~ s3
)

11- 1 3
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5,

= — s
1
2 

~ S
3 

— S
1
2 S

3 
S

14

— S2
2 S

2 
S
3 

— S
2
2 S

3 
S
4

+ ~l ~3 ~l 
S..~ + S1 S3 S2 S3

+ s 2 S4 S1s2 + s2 s4 s2 s3

= — 

~l 
s3 

$4 
— S2

3 53 + S1 ~2 
s3

2 + S
1 
S
2
2 5

4

= — (s92 — S
1 
53) Cs2 s3 — s1 s4

)

= — (A2 sin2( 2it fT) ) (A 2 sin(2it fT ) sin(2itf2T))

— A 4 s1n3( 2it fT) sin(4,rfT)

and

= (~~~2 + 2)(~~~~~~~+~~~~~~~ ) + (s
1s2

+ s 2 s3)(s2 s3 +53 54)

= — S
2
2 S

1 ~~ 
— $2

2 s2 s4

— S
3
’ S

1 
S
3 

— S
3 ~2 

s4

+ S
1 ~2 ~2 

53 + ~i ~2 
S3 S4

+S
2 s3

s
2
s
3 

+ s
2
s3 s3 s14

— 

~2 
S4 — S

1 
S
3
3 + S

1 
S
2 
S
3 
S
4 

+ S
2
2 S

3
2

= (82
2 — 

~~~~~ 
(~~ 2 — 

~~~~~
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5,

= (A2 sin2(2irfT)) (A2 sin2(2,tfT))

A4 sin4(2 it fT)

D.

Hence, i f D � 0,

~~~ —A 4 sin 3 ( 2 - iT fT ) sin(4ir fT )
a = — = = — 2cos (2 n fT ) -

D A4 S1fl 4 ( 2 TT fT)

and

D~
2
~ D

a., =—  — l .
L I) D

6.5. Corollary. If the hypotheses of Theorem 6.3 hold, then

S (CN+p+1)TY = s((N+p + 1)T).

Proof. Frai-i (3.1), Theorem 6.3 (b). and familiar trigonometric identi-

ties, we have

s (CN+p+l)T) = —~~~s((M+p)T) — ~~s((N+p—1)T)

= — (—2cos(2irfT)) (A sin(2itf(N +p)T+P))

— (l)(Asin (2-itf(N+p—1)T+P))

= A (sin(2irfT+2-irf(-N+p)T+P) — sin (2-irfT—2irf(N+p)T — P))

— A sin(2-~tf(N+p—l )T+P)

= A s i n ( 2 i r f (N + p + 1) T + P )  + A sin(2-itf(N+p—l )T+P)

— Asin(2-itf(N+p—l )T+P)

A sin(2nf(N+p+1)T+P) :s((N+p+1)T).

11-15
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6.6. Ren~rk. Corollary 6.5 explains the remarkably good simulation

results cited in Section 5 for the case of no noise. We assumed in Theorem

6.3 and Corollary 6.5 that the f irst N + p ( N + 2) samples of the received

signal are actually the f irst N + p samples of the transmitted signal and

showed that the minimization process of linear prediction by the covariance

method leads to values of and such that the predicted signal sample

sT(N+p+l)T) is equal to the transmitted signal sample s((N+p+1)T). Thus

there is no Trodel error, according to this corollary; all the error is due

to the quantization and the computational process.

6.7. Theorem. Suppose the hypotheses of Theorem 6.3 hold with

0 < f < 1/(2T) (so that the system (3.2) is non—singular).

(a) The zeros of z2 + + (that is , the poles of H(z)), with

ç — 2 cos ( 2ir fl’) and = 1 as in Theorem 3.2 (b), are

z1 ~~~~~ cos(2-rrfT) — i sin(2irfF) = exp(— 2-irf’ri)

and

z2 c~f cos(2itfT) + i sin(2ir f’r) = exp(2-it f’ri).

(b) These zeros, z1 and z2 , have magnitude r = 1 (that is, can be

represented by points on the unit circle) or, in terms of and

~~~~~~~~

(c) If T = 1/12000 (so that 0 < f < 6000), then

(6000/iT ) tan~~( Im(z 2 ) /Re(z2)) (if 0 < 2ir fT < w/2),

(6.2) f = 3000 (if 2 itf r =
(6000/it) (tan 1(~~(z2) /Re(z2)) + i t)  (if n/2 < 2it~~ < i t)

11- 16 
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or , in terms of and ~T,

(6000/it) tan~~(- /4~~~ _~~~2 /~~
) (if < 0),

(6.3) f = 3000 (if = 0),

(6000/it) ( tan
_l ( _ / 4 ~~~_~~~2 I ~~~) + i t)  (if > 0).

Proof. (a) From Theorem 6.3 (b) and the quadratic form ula, the zeros

of z2 + ~~ z +

(—~~~/2) ± ( /~j -~ — 4~~~/2)

or, as ~~ 2 — ~ a . 4 cos2 (2 i t fT) — 4 < 0 ,

(— ~~~/2) ± i (/4~~~ — ~~~2 / 2 )

= cos(2 itfT ) ± i sin(2irfr).

(b) Obviously,

= I z2 = /(_
~~ / 2)2 ~~ ( f4~ - / 2)~ = = 1.

(c) L~ t X ~~ Re(z9) = cos(2itfT) and Y C1~f Im(z 2 ) = sin(2itfT).

Case 1 (0 < 2itfT < ir/2). In this case, N > 0, Y > 0, and ‘ f / N  =

tan(2ufT) > 0; thus, 0 < tan~~(Y/X) < it!2 and, hence, .“fT tan~~(Y /N).

As T = 1/12000,

f = ( 6 0 0 0 / i ~)t an~~ (Y / N) .

Case 2 (2itfT = ir/2). As T 1/12000, f = 3000 follows isrrnediately

fr~in the case assumption .

Case 3 (it/2 < 2nfT < i t ) .  In this case, N < 0, Y > 0, and ‘f I X

11-1 7
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A~i T i/U ’ L1~1 1T .

= (6000 / n )  ( I , i i i  ( V /  N) + ~
)

l ’i n . i l  1v~ ( t - ~.~~) iv: u1t :~ iiTIt~~1i_.ite1y t n u n  ( 6 . . ’) .  ~i~; Re(~~., ) —~~~~~ / .‘ and
1 —  —

~~~

-

~

-

- ,Im ( ) = l~ ~~~~ — ~~~ / -

6.  . Ren~u’ks . Th ’or~m 6.7 ~~ wr. I h. ~t the I •~ U eeR’V ~ t inu~~ id,i 1

i~i.tl without i i ~ L:c ~‘1 - eiiv k ind ( including qu.in t i~. e 1 i~’i -~ n~ i ;e and kMlnd ~1t I

1K’  C,L C 1 k, Jet e~ini ned (by u:~e et (6 ..’) c~r ( 6. -~ 
) ) t ’t~ -nti .1 ‘~

-
~~~ le ~‘t th e  a1 1—

j~ ’Ic I l \u~: ; 1 et ’ t . u K - t  ieii  .1::: ;L~e i. ,et. , -d with the I •1’i~ (2.1) with p = 2 . In

.~1t ’:’~luen t ~‘~‘t’k , we t~ ii I. U: ;e (6 • J ) I .e , ~ppr~’x iti~ t e  1’ iii I he c, i::e c’t .1 :; inu~—

~‘i ~ L~j ::1 ti.tI ~‘/It1I ‘. f l I : ; : i . U I  1 i ~~ ’.

I’lie ~3nhIu , L L t  iou u’c:~u l  t : :  given in ~e t t .it ’ii b : ;li ~w t h e t  the  : ;IdJ l ( k iu \ I  dev i . i—

i ‘u i e I II ue pt’~ \I R - I e~ I V. L1u : I I k ’~:u ‘t\ t:;c: , n,~ N i i  h’t\ ’ 1: ;e: — 1h i :: m.ig.ht :~een

:: t  R U U ’ ,C i.n ~~~ ,‘t the t tet . th,tt ( — .‘ ce:~(2nt’I’) ) md .e .. ( ) u~ ’ i nde—

penderut - -
~t N. IC’WeVeP , the c~mputei’ vg~\Un Used e cli: ; I ec’ t t i ~ uI u 1’ uut  . u t  ~ ‘II

~ .
‘ 

~u i  pc wid de ~l~~~’nd en N; I h i t  l:~ ~ ne e n\c ’\  ~t ien 1:;

C f l  t h e  ~~~~~~~~~~ ~~M uI ~’ U t I I  u~ ’ui .

Rril:1u :NCI:~-~

(l~ ~~~~~~~~~ ~i . A. , i: ’~~i ’cte— I. iflit ’ ‘~~t~~jit~~ 1’.\’ul ti ce— i h~fl ~~~~~~ Cl i t t~
;,

Ni~ 1~~ ’:( ’v , ~~~~~~~~~~
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1. INTRODUCTION

A transmitted signal , which is masked by noise and, possibly, interfer-

ence , is assumed to be a sinusoid with Hertz-frequency which varies over some

finite set F of positive real numbers . Let s(t) be the value of this continu-

ous-time signal at time t. Of particular interest is the case where #F = 2;

that is , where the frequency is switched back and forth between two distinct

values .

The object of this study is to evaluate the performance of the Maximum

Entropy Method (= MEM) of spectral estimation for short segments of the dis-

crete-time signal which results from sampling s(t) every T seconds . To be

more specific , we wish to determine the accuracy of the 14EM estimates of the

transmitted signal frequencies for the cases (a) received signal = trans-

mitted signal + noise and (b) received signal = transmitted signal + noise +

interference.

The ul timate goal of this project is the real-time use of the MEM (if

feasible) to identify the frequencies of a transmitted signal , thereby

countering the effects of noise and interference (such as that produced by a

keyed , slewing , or CW jammer).

The prob lems stated in the second paragraph appear to be theoretically

intractable. We give some partial theoretical results and discouraging

simula tion results for the case (a). For case (b) without noise , we give

simulation results which point to the need for analog-to-digital conversion

of greater precision than is possible with currently available equipmen t.
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2. THE MODEL

We model the sampled signal s (kT) as the outpu t of a linear discrete

system (a LDS) [1]; in particular , by the difference equation

p
(2.1) s (kT) = - a. s ( ( k - j ) T )  + u(kT) ,

i—i ‘

where the a are real numbers , T is the sampling period , and u(kT) is the

transmitted signal at time kT. As (2.1) enables one to “predict” s (mT) from

s((m - 1)T), ... , s((m - p)T), and u (mt), the name “linear prediction” is also

associated with the MEM .

There are several other equivalen t representations of the LDS given by

(2.1) [1; pp. 85 - 861 . For frequency-domain considerations , the representa-

tion

S(z) = H(z) U(z),

where S(z) and U(z) are the z-transforms of s (kT) and u(kT) respectively and

H(z) is a rational function of z called the “system transfer function ,” is

useful (1; pp. 220 - 2821 . The transfer function corresponding to (2.1) is

given by
p

11(z) 1 1 ( 1  + a. z~~) .
j=l ~

Thus H is an “all-pole ” transfer function with p poles , namely, the p solu-

tions of the equation ~ + a~ z 3 = 0 or, equivalently (if z ~ 0, as is

required by the definition of the z-tran sforin),

(2.2) z~ + a
1 Z
P ’  + ... + a~..1 z + a~ = 0.

111-4



3. ESTIMATION OF MODEL PARAMETERS

The model par ameters a1, ... , a~, in (2.1) are approximated by the usual
type of least-squares analysis in the time-domain [2; pp. 563 - 567]. For a

given positive integer in , we predict s(mT) to be

_ _  

p
(3.1) s (mT) ~~~ - ~ a . s ( ( m -j ) T ) ,

j =l  ~

where the a. are chosen so as to minimize
3

rn-I

~ e2 (kT) (e (kT) 
~! s (kT) - s (kT))

k-a-N

corresponding to the preceding N samples (thereby using the “covariance

method” of linear prediction [2; p . 564]). This leads to the system of

linear equa tions

p
(3. 2) ~ a

3
(m , N) $.~ (in , N) - ~0~

(m~ N) Ci = 1, 2 , ... , p) ,
j=l

where , for all (i , i) c (1 , ... ,

N-l
(3.3) •~

.(m ,N) 
~~ ~ s((m-N +k-i)T)s((m-N+k- j)T) ,

k=0

for determining the ~~~which yield the prediction s(mT). From (3.2) and

(3.3), we see that N + p  consecutive samples s ((m-N-p)T), ... , s((rn-l)T)
are needed. Thus if we do not allow negative arguments , s((N+p+l)T) is

the first sample we can predict.

In making the prediction (3.1), we are assuming that u (mT) is com-

pletely unknown , which is often the case.

111-5
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4. ThE ANALYFZ CAL APPROACH

The determination of the frequencies f1 
£ F exhibited by the t ransmitted

- - signal involves (a) calculating the •1~
(m~ N) from (3.3), (b) solving the

system of linear equations (3.2) for the a
3
, (c) solving the polynomial equa -

tion (2.2) with “~~~~~~
‘ in place of “a~”~ Cd) dete rm ining the radian- frequency

in the polar form r
3 
exp(± 1$

)
) of each of the complex conjugate pairs of

roots of (2.2), and (e) multiplying $~ by an appropriate real number to obtain

the Hertz- frequency.

The problem of determining a confidence interval for the frequency of the

transmi tted signal at a given instant and for the frequency of the interfer-

ence (if any), which requires finding probability density functions , is

difficul t, even for the simple case F = {f
1
} with noise. This case , in which

a two-pole model (p = 2 and the equation (2.2) is quadratic) is appropriate ,

was considered by the writer in 1977 in the USAF/ASEE Summer Faculty Research

Program . The analytical approach was abandoned in favor of a computer simula-

tion. In this paper (Section 6), we return to this theoretical effort .

5. SIMULATION IN THE TWO-POLE CASE WITHOUT NOISE

In the above-cited simulation , we assumed F = {f
1
} and the transmitted

signal is A sin(2nf
1
T), with f 1 t (0 , 6000) and T = 1/12000 (in accordance

with The Sampling Theorem [1; p. 291]), ignoring noise of the type cited in

[4; pp. 3-5] and interference; thus the only noise is “quantization noise”

(from use of a simulated analog-to-digital converter (a AX) in sampling the

continuous-time signal) and “roundoff noise” (from performing the MEM calcu-

lations with a digital computer). This simulation showed excellent perform-

ance of the MEM for sampling with 12 - 16 bit AUCs (which are available

commercially) if f 1 is not too close to either 0 or 6000 [5; pp. 10 - 26].
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The table below from [s; p. 17] gives the arithmetic mean (a AM) and

standard deviation (= SD) of 2043 predicted frequencies for the number of

error terms used in the minimization N = 2 , 3, ... , 12 with A = 1.5 , f1 = 3250,

and simulation of a 16-bit ADC .

N AM SD
4

2 3249.9999 0.045065880
3 3250.0008 0.034125918
4 3249 . 9995 0.024391433
5 3249.9991 0.021149200
6 3250.0010 0.019371934
7 3249.9993 0.015833400
8 3249.9985 0.013296252
9 3249.9994 0.011714947
10 3249.9999 0.010651756
11 3249 . 9995 0.008349264
12 3250.0000 0.007169639

6. THE TWO-POLE CASE WITH NOISE

In this section , we consider the case in which the number of poles p = 2

and

(Sk ~~~,) s (kT) t (kT) + n (kT) ,

where t (kT) = A s in(2nfF + P) and n (kT) is independent , zero-mean , Gaussian

noise.

We assume for simplicity that N = 2, in which case the system (3.2) is

($ 2
2 + $

3
2) a1 + 

~~~ 
+ 

~2 
s3

) a
2 

- 

~~~ 
+ $3 s4) ,

(6.1)
+ 52 53) m 1

4 (s
i
2 + $

2
2) a2 = - (s 1 s3 + s2 s4) .

As was shown in [6; p. 6, Theorem 6.3], this system of equations is singular

- 
- 

if and only if f — 0 or f a 1/ (2T), in case we restric t f to [0, 1 / (2T)] .

11 1-7
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In the non-singular case , its solution is the ordered pair (a 1, a2) given by

— 

- (s i
2 + 52

2 ) 
~~~ 

s3 + 5
3 54) + (s

1 
$
3 

+ S2 S 4~ 
~~ ~2 

+ 
~2 

53)
(6.2) a

1 = ______________________________________________________

(s
i
2 + 5

2
2)~~2

2 + $
3
2) - (s 1 s2 + 5

2 53)
2

= (s
2
2 - 

~l 
s3) (s~ s4 - s2 

s3) / (s
2
2 - S 1 53)

2

= 
~~~~~ 

- 

~~~~~~~~~~~ 
- s1 s3)

and

— 

- (s
2

2 + s3
2) Cs 1 53 + S2 s4) 

+ 
~~ 

s2 + S2 s3) ~~ 
S3 + 53 54)

(6.3) a2 = ________________________________________________________

(5i
2 + s2

2 ) (5
2
2 + s3

2) — 

~~~~ ~2 + 
~2 s3)

2

= (s
2
2 _ s1 s3) (s3

2 _ s2 s
4

) / (s
2
2 — s1 s3

)2

= (s3
2 - S2 54) / ($2

2 - 

~l 
53) .

-

- The problem of determining the probability density functions of the ran-

dom variables and is intractable according to my colleague T. S. Bolis ,

an expert in probability theory. The numerators and (common ) denominator in

the expressions for a
1 and a2 have distributions which look “something like”

non-central chi-square distributions. However, Bolis has shown (by use of the

characteristic function - a complex variable analog of the moment generating

function) that the numerator and denominator are dependent for both a
1 and a2 ;

thus we cannot easily calculate bounds on a
1 and a2 (through bounding the

numerators and denominator - which requires independence).

As shown in [6; pp. 14- 16, Theorem 6.7], for the two-pole case without

noise (s(kT) Asin(2wfT + P)), the frequency, f , of the transm itted signal

111-8
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is given by

(6000/ir) tan~~(- /
‘
~~ - ~~~2 / a ~ ) (if ~~ < 0) ,

(6.4) f = 3000 (if a1 = 0 ) ,

t 
(6000/ir) (tan~~~(- / 4a2 - ~~2/~~~) + ir ) (if ~~~

>0).

We also use (6.4) to “predict” f in the two-pole case with noise. If we

could bound and a2, we could try to get bounds on f as given by (6.4).

We can, however, obtain the expected value and variance of the numerator

and denominator in the expressions for both a1 and a2 (Theorem 6.4).

6.1. Lemma. For all B,P c R, k,m,n c

sin((k+ m)B+P) sin((k+n)B+P) - sin((k+m+n)B+P) sin(kB + P)

= sin(mB) sin (nB).

Proof. By familiar trigonometric identities, the left-hand side of the

above equality is equal to

(1/2) (cos((m—n)B) - cos ((2k+m+n )8+2P))

- (1/2) (cos((m+n)B) - cos ((2k+m+n )B+2P))

= (1/2) (cos((in-n)B) - cos ( (m + n) B )

= sin(((m -+n+m-n)/2)B) sin(((m+n- (m - n))/2)B)

= sin(mB) sin(nB). —

+
6.2. Corollary. If, for all k c Z ,

~~ ~~~~ 
s (kT) = Asin(2lTfkT + P),

wh ere f , P , T e R, then, for all k , in , n c

*
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5- —

5k + m 5k + n  
- 5k +m-+ n 5k = A2 sin(2-!rfml) sin (2nfnT) .

In particular, for m = n = 1, we have Sk+l
2 

- S
k Sk + 2  = A 2 sin 2 (2nfT). - j

6.3. Lemma. If X is a normally distributed random variable, E (X) = 0,

and Var (X) = ~2 , then, for all n c 1’,

(a) E(X2~~~~) = 0

and

(b) E (X 2
~) = 02n (2i - 1).

F~oof. This is a well-known result; (a) follows immediately from the

fact that if f is an odd function, then f:f(x)dx = 0 and (b) follows

readily from

j4 
x2

~ e~~~
2 

dx = (2a)~~~ Cr / a) 112 fl (2i - 1).

6.4. Theorem. If, for all k c Z~, sk = t~ + nk , where

tk ~~ t(kT) = A sin(2 fkT + P),

A , P. 1 c R, 0 < P <, 2-n , 0 < f < 1 / (2T) , and n
k ~~ 

n (kT) is independen t, zero-

mean , Gaussian noise (Il
k 

has normal distribution with E(nk) = 0, Var(nk)

and E(n.n.) = E(n .) E(n~) = 0 if i 
~ 

j ) ,  then the following hold:

(a) for all k c Z~, s has normal distribution with E(sk) = t
k 

and

Var(sk) =

(b) if p = N = 2, then the solution (a1, a2) of the (6.1) is given by (6.2)

and (6.3) and

E(s 1 54 ~2 
s3) = - A2 sin (21TfT) sin (4i~fT) ,

111-10
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Var(s 1 s4 - s 2 s3) = 2a~ + A2 a2~~k~l sin2(2wfkT+ p),

E(s3
2 - 

~2 
s4) = + A2 sin2 (2irfT),

Var(s 3
2 

- S2 s~) = 3 a ’ + A2 a2 [sin2 (4irfT + P) + 4 sin 2 (6nfT + P) + sin 2 (8-nfl + P) ) ,

E(s
2
2 _ s

1 53) = ~ 2 + A2 sin 2 (2nfT) ,

and

Var(s 2
2 

- s1 s3) = 3 a~ + A2 a2 [sin 2 (2-nfl + P) + 4 sin2 (4rfT + P) + sin 2 (6irfl + P)].

Proof. The proof of (a) is trivial. We have already shown, at the begin-

fling of this section that (6.2) and (6.3) give the solution of (6.1). We now

complete the proof of (b).

Let NUM1 ~~~s1 s
4 -s 2 s3, MJM2~~~~s3

2 - s 2 s4, and DEN~~~~S2
2 -S 1 S3. Now ,

E(NUM1) = E(( t
1 

+ n
1) (t

4 + n
4) 

- (t2 + n
2) (t3 + n3))

= E(t1 t4 
- t2 t3 

+ t
1 n4 + t

4 n1 + n
1 n4 

- t2 n3 
- t

3
n
2 

- n
2
n3)

= t
1
t
4 

- t2 t3 + t
1 E(n~) + t4E(n 1) + E(n

1 n4) 
- t

2 E(n 3)

- t
3 E(n 2) - E(n

2n3
) .

By hypothesis, the expectations involving the n~ are zero; thus

E (NUM 1) = t1 t4 
- t 2 t 3.

- 
Hence, by use of Corollary 6.2 (with k = in = 1 and n = 2), we have

E (NUM1) = - A2 sin (2irfT) sin (4irfT) .

We can view

NUM1 - E (NUM1) (= s1 S4 - S2 S3 - (t1 t4 
- t2 t3))

E~~ 

I 

-

~~~~~~~

—~~~~~
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as a function of (si, 
~2’ 

S
3~ 

s4) and expand in a Taylor series about

Ct1, t2, t3, t~) to obtain

NIJM1 - E(NUM1) = t 4 (s~ - t 1) - t3 (s2 
- t2) 

— t2(s3 
- t3)

+ t1 (s4 - t 4 ) + (s1 - t1) (s4 - t4)

- 

~~~ 
- t2) (s3 

- t3)

= t4n1 
- t3n2 - t2n3 + t

1 n4 + n1 n4 -

Hence,

Var(NIJM1) = E((NUM1 - E (NUM1 )) 2 )

= E(t4
2n1

2 + t3
2 n2

2 + t
2
2n3

2 + t1
2 n4

2 + n
1
2 n4

2 +

- 2 t
3 t4n1 n2 

- 2t 2 t4 n 1
n3 + 2 t

1
t
4
n
1
n
4 

+ 2 t
4 n

1
2 n4

- 2 t
4 n1 n2 n3 + 2 t

2 t3
n
2
n
3 

- 2t
1 t3 n2 n4 - 2 t 3 n1 n2 n4

+ 2 t3 n2
2 n3 - 2 t

1 t2 n3 n4 
- 2 t2 n1 n3 ~~ 

+ 2 t2 n2 n3
2

+ 2t
1 n1 n4

2 - 2 t
1
n2 n3 n4 

- 2 n 1 n2 n3 n4
) .

By use of properties of expectation , Lemma 6.3, and hypotheses, we have

Var (NUM1) = t
4
2 E(n

1
2) + t3

2 E(n2
2) + t

2
2 E(n 3

2)

+ t
1
2 E(n 4

2) + E(n
1
2 n4

2) + E(n 2
2n3

2)

= 02 (t 1
2 + t2

2 + t3
2 + t4

2) + 2 a~

4
= 2 a~ + A2 a2 ~ sin2(2rr fkT + P).

k=l
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Next ,

E( N~~2) = E ( ( t 3 + n3)
2 - (t

2 
+ n2) Ct4 + n

4))

= E(t3
2 - t

2
t
4 

+ 2 t
3n3 

- t2n4 
- t4n2 - n2n4 + n

3
2)

= t3
2 - t2 t4 + 2 t~~E(n 3) - t2 E(n4) - t4E(n 2) - E(n

2n4
) + E(n

3
2)

= t3
2 - t

2 t 4 + 02.

Thus, by Corollary 6.2,

E (NUM2) = 02 + A2 sin2(2irfl).

We can view

NUM2 - E (NUM2) ( S
3
2 - s2 s4 

- (t3
2 - t2 t4 + a2))

as a function of 
~ 2’ S3~ 54) and expand in a Taylor series about (t2, t3, t~)

to obtain

NUM2 - E(NUM2) = — a2 - 
~~
4 ~~2 

- t2) + 2 t 3 (5 3 
— t 3 ) - t 2 ($4 

- t 4)

- 

~~~ 
- t

2
) (5 4 

- t4) + Cs3 
- t3 ) 2

= _ a 2 - t4n2 • 
2 t

3n3 
- t2n4 

- n2n4 
+ n

3
2.

Proceeding as in the calculation of Var(NUM1), we can show that

Var(NUM2) = a” + t4
2 5(n2

2) + 4 t 3
2 5(n3

2) + t 2
2 E(n~ 2) + E(n

2
2 n4

2)

+ E(n
3~) - 2 a 2 E(n

3
2)

= a~ + a2 (t4
2 + 4 t

3
2 + t~~~) + + 3 a~ - 2 a~

= 3a~ + a 2 (t4
7 + 4t3

2 + t2
2)
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= 3o~ + A2 o2 [sin2(4irfT+P) +4sin 2(6nfT+P) + sjn2(8irfl+P)].

Similarly, we can obtain expressions for E(DEN) and Var(DEN) which are

identical and almost identical , respectively, to those for E(NUM2) and

Var(NIJ?42). (Note that, by Corollary 6.2, t3
2 - t

2
t
4 

= t2
2 - t1 t~.)

As a check on the reasonableness of the expectations in Theorem 6.4 (b),

let us consider some consequences of assuminz that NUM1, NIJM2 , and DEN

actually take their expectations as values so that

a1 (a) = (- A~ sin(2ir fl ) s in(4i~fT) ) / (~ 2 + A2 sin2 (2-nfl))

and

a2(a) = (02 + A 2 sin 2 (2 - n fl) ) / (a2 + A 2 sin 2 (2,r fl) ) = 1.

(Note : We are not claiming that a 1 = E (NUM1) / 13(DEN ) ,  nor that 13 (a 1) =

E(NIJM1)/E(DEN).) One can readily show that

a1(0) = - 2 cos (21T fT) and a,(0) = 1 ,

which we have shown 15 ;  p. 6, Theorem 6.3 (b)] gives the solution of the

system (6.1). Thus, from (6.4), we get f = f. Also ,

u r n  a
1

(a) = 0 and lim a2(a) = 1.

Thus , in this limiting case, we get f a  3000 from (6.4). (In this case, the

equation (2.2) is z2 + 1 = 0 which has solutions ii yielding 6=  n /2 and

f - (6000 / -n) (ii-/2) = 3000.) Therefore, under the above assumptions, we get

the samo result , f = f , as in the (deterministic) all signal - no noise case if

a = 0 and we get f • 3000, wh ich is midway along the frequency band (0, 6000)

(and obviously minimizes the error f-f), in the all noise - no signal case

0 ~~~~~~~~
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The following table gives the expectations, variances and standard devia-

tions from Theorem 6.4 (b) for f = 3250, A = 1, and a = 0.01, 0.1, and 1.0.

a

1 .0 0 .1  0.01

E(NUM1) 0. 2566 0 . 2566 0 . 2566
Var(NtJM1) 4 . 1535 0.02174 0.0002154
Std (NI.D41) 2.0380 0.1473 0.01468

E(NUM2) 1.9830 0.9930 0. 9831
Var(NIJM2) 6.7312 0.03761 0.0003732
Std(NUM2) 2.5945 0.1939 0.01932

E(DEN) 1.9830 0.9930 0.9831
Var(den) 3.1045 0.02114 0.0002105
Std(DEN) 1.7619 0.1451 0.01451

Some experimenting with reasonable departures of NUM1, NUM2 , and DEN from

their means in case a = 1 will show that the predicted value of f, f, given by

(6.4), can depart substantially from 3250.

Table 1 gives the results of a simulation of the signal and Gaussian noise

case. The variables AM and SD respectively are the arithmetic mean and stan-

dard deviation of 100 predicted values, f, of f. The simulation program is

given as Appendix 2.

We use a procedure given by Knuth [2; p. 104] for generating random num-

bers with distribution N(0, 1); then, numbers with any normal distribution can

be generated by a simple linear transformation (if X is N(0, 1), then Y ~f
p + aX is N (p,a2)). This procedure is given below .

Until satisfied, do:

(1) Generate two uniformly distributed random numbers r1 and r2.

(2) Set V1 = 2 r1 
- 1 and set V2 = 2 r2 

- 1.
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(3) Set S = V1
2 + V2

2.

(4) If S < 1, set x1 = V 1 (- 2 in (S) / S)½ and set x2 =

V2 (- 2 in (S) / S)½ ; otherwise, go to (1).

As not all pairs of uniformly distributed random numbers lead to a pair of

normally distributed random nulu.,ers, an excess of such pairs must be generated.

The uniformly distributed random numbers were obtained from use of the Honey-

well library function RANDT.

TABLE 1

Arithmetic mean AM and standard deviation SD of 100 predicted values
f of the Hertz-frequency f ( 3250) of the transmitted signal in the
signal and Gaussian noise case for the standard deviation of the noise
a = 0.001, 0.01, 0.05, 0.1, and 0.2 with the amplitude of the trans-
mitted signal A = 1, the number of error terms in the minimization
(of Section 3) N = 2, 501, and 1000, and the number of ADC bits NB =
28. SNR is the signal-to-noise ratio 20 log10 (A/a).

o SNR N AM SD

0.001 60.00 2 3249.9703 1.4424
501 3249 .9993 0.54665-2
1000 3249.9995 0.28025-2

0.01 40.0 2 3249.7444 14.5075
501 3249.9546 0.55095-1
1000 3249.9389 0.27985-1

0.05 26.02 2 3249.7308 72.3807
501 3248.9504 0.2803
1000 3248.4615 0.1399

0.1 20.00 2 3252.1990 145.6529
501 3245.9330 0.5945
1000 3243.9413 0.2873

0.2 13.98 2 3268.8310 307.4860
501 3234.9594 1.4030
1000 3227.3130 0.6397
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In the no noise case studied in [5], we showed that increasing N, the num-

ber of erro r terms in the minimization of Section 3 , si gn ificantly decreases

the variability of the f values (see the table on page S of this paper). In

the presen t simulation , we give N the values 2, 501, and 1000.

The program calls for giving the standard deviation of the zero-mean

Gaussian noise , a, the sequence of values 0.001, 0.01, 0.05, 0.1, 0.2, 0.3,

0.5. With a = 0.3, the variable DISCR took on some negative values which led

to an attempt to find the square root of a negative number. DISCR has value

4.0A2 - Al2, which is the negative of the discriminant of the quadratic

+ A 1Z + A2 . Thus, with a • 0.3, zeros of some of the 100 quadratics are

real and (6.4) does not apply.

We note from Table 1 that the accuracy of the predicted values , f, of f

decreases (3250 - AM increases and SD increases) as a increases. Also , we note

that the sequence of AM values (with N = 1000) 3249.9995, 3249.9389, 3248.4615,

3243.9413, 3227.3130 respectively corresponding to a = 0.001, 0.01, 0.05, 0.1,

0.2 are receding from 3250 toward 3000 (see the comments on page 12).

7. SIMU LATION IN THE SIGNAL AND INTERFI3RE NC13 CASE

Assume, for all k c

(7.1) s (kT) At sin(2ltftkT) + A . sin(2lTf1kT),

where is the Hertz-frequency of the transmitted signal and f1 is the Hertz-

frequency of the interference. We assess, by simulation , the sampling varia-

bility of the predicted values of and of due to a combination of quanti-

zation noise and roundoff noise.

Suppose we wish to take two distinct values (# F = 2) which are 50 Hertz

apart, say 9975 and 10025, and = 10000. In accordance with the Sampling

111—17
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• Theorem [1 , p. 291 1, we must sample at a rate of at least 20050 (= 2 10025)

samples per second . However , in view of the poor results (reported in (5])

obtained in case s(kT) = Asin (2irfkT) and f is “close to ” an end-point of the

frequency band under consideration, we sampled at 25000 samples per second

(1 = 1/25000).

We give simulation results for = 10025; similar results were obtained

for = 9975. We did not study model behavior when is switched instantane-

ously from 10025 to 9975 or vice versa. The simulation program is given as

Appendix 3.

In case s (kT) is given by (7.1), a four-pole model (2.1) (p 4) is appro-

priate and the equation (2.2) is quartic. Rather than use the tedious quartic

formula to solve (2.2), we use the Honeywell library subprogram ZORP2, which

uses a modified Downhill-Newton method. For solving the linear system (3.2),

we use the Honeywell library subroutine LINSS, which uses Gauss elimination

with pivoting.

Both ZORP2 and LINSS were modified as early runs led to no results (“DEGEN-

ERATE MATR IX . . .“ error messages from LINSS) or poor results. Somewhat better

results were obtained by replacing the suggested value, io 6 or 10~~, of the

variable EPS by 10~~. However , satisfactory results were obtained only upon

going to double-precision representations of data and double-precision arith-

metic throughout the main program and all the subprograms and decreasing the

value of EPS to ~~~~ The Honeywell version of ZORP2 consists of single-

precision subroutines DOWNH, GRAD , MTALGD, Dlv, and POLY. In DOWNH , a number

of logical IF statements involve constants io 6 and 10~
’. Upon going to double-

precision , these constants were replaced by io_12 and i0~~
4, respectively ; how-

ever , this resulted in “EXP UFL” error messages. These constants were replaced

111-18
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ultimately by l0~~ and io
_8

, respectively.

The program in Appendix 3 calculates and f. values from FC * ARCTA(X,Y),

where X and Y respectively are the rea l part and imaginary part of a zero of

the quartic and V ~ 0. (For a given complex conjugate pair of solutions of

(2 .2 ) ,  we use the solution with positive imaginary part to get a value of or

f1 in (0, 12500).) In case Y > 0, ARCTA returns a number in [0, it ] so that

FC * ARCTA(X , Y) is in [0, 12500]. In case the quartic has real zeros (V = 0 ) ,

FC * ARCTA(X , Y) has value either 0 or 12500. The program in Appendix 2 calcu-

lates f values from FC * ARCTA (_ A1, DSQRT(DISCR)), where DISCR has as value the

negative of the discriminant of the quadratic (2.2) with p = 2 .  Thus , as noted

in Section 6, execution breaks down in the case of real zeros of the quadratic

- - (for which DISCR has negative values).

We assume that the amplitudes (measured in volts), At and of the trans-

mitted signal and the interference, respectively, are in [-5, 5]. In the simu-

lation of the behavior of an NB-bit analog-to-digital converter (= ADC) , the

signal S(J) in the interval [-5 , 5], of length 10, is mapped into the integer

interval 
~ 
~NB - 1 

2
NB - 1] by following xl— ~2

NB / 10) x with chopping to an

integer and this integer is then mapped back into a floating-point real number

in [-5 ,5] by x ,_.,(lO/2 NB ) x .

The simulation results appear in Table 2 below . The number of ADC bits ,

NB , takes values 16, 20, 24, 27, and 30. These values were selected because

16-bit ADCs are the most accurate ADCs presently available and 20, 24, 27, and

30 bits respectively correspond to approximately 6, 7, 8, and 9 decimal digits —

of precision (due to the fact that , in a certain average sense, binary repre-

sentations of floating-point real numbers have log2(10) (= 3.32) times as many

symbols as do the corresponding decimal representations). The signal-to-

111— 19
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interference ratio , SIR , is given by

SIR ~~ 10 logiø (At
2 / A~

2 ) = 20 log10(A~ / A~)

For economy, Table 2 does not give the simulation results for SIR < 0, which

are similar to those for SIR > 0 except that the app roximation of 
~t 

(respec-

tively , f~) is better than that of f1 (respectively, ~~ 
for SIR > 0 (respec-

tively, < 0). More specifically, for large positive (respectively, negative)

values of SIR, the arithmetic mean of the 
~t 

(respectively, f1) values was much

closer to 
~ 

(respectively, f1) than was the arithmetic mean of the f1 (respec-

tively, f~) values to ~ 
(respectively, 

~~~ 
As SIR approaches 0 this dispar-

ity diminishes. This is to be expected, as SIR > 0 (respectively, < 0) implies

At > A~ (respectively, A1 < A
t
). With a 27 (or 30) bit ADC, the predicted

frequencies, 
~ 

and f1, are quite accurate (error in the arithmetic mean of the

c (respectively, f.) < 0.00001 (respectively, 0.4)) for SIR e [0,70]; for

SIR € [-70, 0], this statement also holds if we interchange “it” and

This is surprising in view of the fact that for SIR = 70 (respectively, -70),

A
t 

> 3200A1 (respectively, A~ > 3200 A
t
).

The program in Appendix 3 calls for calculating and printing the arithme-

tic means of the predicted magnitudes of the complex solutions of (2.2) in

addition to the arithmetic means of the predicted frequencies. The arithmetic

means of the magnitudes of the complex solutions which yield the predicted

values of 
~ 

(= 10025) are all 1.00000 to five decimal places except for the

cases NB = 16 and SIR = 0, 5, 10, and 15 respectively in which the arithmetic
means are 0.99978, 0.99974, 0.99985, and 0.99993. The arithmetic means of

the magnitudes of the complex solutions which - yield the predicted values of

f~ (a 10000) are all 1.00 to two decimal places except for the cases NB • 16

111-20



and SIR = 15, 20, ... , 80, NB • 20 and SIR = 40 , 45 , ... , 80, and NB = 24 and

SIR • 65, 70, 75, 80. These results are expected as the poles of the transfer

function should be on the unit circle.

TABLE 2

Arithmetic mean AM~~. (respectively, AMFI) and standard deviation
SDFT (respectively, 50FI~ 

of 100 predicted values of the Hertz-

frequency of the transmitted signal (respectively, interference)

for the signal-to-interference ratio SIR = 0.0 , 5.0, 10.0, ... , 80.0
with AT = 5.0 , N = 496, and the number of ADC bits NB = 16, 20, 24,

27, and 30.

NB = 16

SIR Al AMFT SDFT AMFI SDFI

80.0 0.S000E-3 10025.00001 0.14875E-4 *

75.0 0.88915-3 10025.00000 0.558185-4 *

70.0 0.1581E-2 10025.00001 0.62049E-4 *

65.0 0 .2812E-2 10024.99997 0 .62494E-4 *

60.0 0.50005-2 10025.00000 0.l3758E-3 *

55.0 0.889lE-2 10024.99997 0.217505-3 *

50.0 O.l581E-1 10024.99984 0.595485-3 *

45.0 0.2812E-1 10024.99931 0.11306E—2 *

40.0 0.S000E-l 10024.99734 0.202445-2 *

35.0 0.8891E-l 10024.99198 0.457645-2 9904.55117 0.12742E+1
30.0 0.15815+0 10024.97501 0.139195-1 9782.96934 0.512145+1
25.0 0.28125+0 10024.92350 0.609745-1 9891.21543 0.202415+1
20.0 0.50005+0 10024.79049 0.28133E+0 9962.73950 0.34268E+0
15.0 0.88915+0 10024.59744 0.933725+0 9987.73936 0.706805+0
10.0 0.15815+1 10024.53250 0.143955+1 9996.65213 0.120775+1
5.0 0.2812E+1 10024.46491 0.12766E+l 9998.76546 0.117625+1
0.0 0.50005+1 10024.44931 0.705985+0 9999.60803 0.567775+0

* is grossly in error due to the occurrence, in calculating some or all of

the predicted values of Fl , of real pairs (0 and 12500) , rather than complex
pairs , of solutions of (2 .2) .
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NB • 20

SIR A l AM~~ SD~~ AMFI SDFI

80.0 0.50005-3 10024.99999 0.315315-5 *

75.0 0.88915-3 10025.00000 0.24865E-4 *

70.0 0.l581E-2 10024.99999 0.60063E-4 *

65.0 0.2812E-2 10025.00000 0.118305-3 *

60.0 0.50005-2 10025.00000 0.24188E-3 10299.64857 0.902245+1
55.0 0.88915-2 10024 .99994 O.75772E-3 9775.32456 0.103715+1
50.0 0.15815-1 10024.99960 0.307675-2 9873.41665 0.l04S7E+1
45.0 0.2812E-1 10024.99904 0.142005-1 9955.79372 0.18207E+l
40.0 0.S000E-l 10024.99895 0.512825-1 9985.21355 0.87810E+0
35.0 0.889lE-1 10025.00235 0.88389E-1 9995.09369 O.48957E+0
30.0 0.lS8lE+0 10025.00380 0.73353E-l 9998.37917 0.249745+0
25.0 0.2812E+0 10024.99760 0.42521E-l 9999.50158 0.74370E-3
20.0 O.5000E+0 10025.00373 o.24424E-l 9999.85185 0.78603E-l
15.0 0.8891E+0 10025.00365 0.15603E-1 9999.94350 0.40965E-1
10.0 0.15815+1 10024.99374 0.634825-2 9999.98351 0.882335-2
5.0 0.28125+1 10025.00370 0.30933E-2 9999.99406 O.13460E-1
0.0 0.50005+1 10025.00169 0.116615-1 9999 .99412 0.69500E-2

NB = 24

SIR Al AMFT SD~~ AMFI SDFJ

80.0 0.5000E-3 10025.00000 - 0.315435-4 9813.03648 0.39144E+1
75.0 0.8891E-3 10025.00000 0.14769E-3 9853.07626 0.146105+1
70.0 0.1581E-2 10025.00003 0.635025-3 9943.78711 0.83820E+0
65.0 0.28125-2 10024.99997 0.269755-2 9981.51822 0.831045+0
60. 0 0.50005-2 10025.00016 0.5397 1E-2 9993.55141 0.112235+0
55.0 O.889lE-2 10025.00026 0.607235-2 9997.80849 0.749325- 1
50.0 0.1581E-1 10025.00035 0.31791E-2 9999.42349 0.344535-1
45.0 0.28125-1 10025.00033 0.204665-2 9999.79271 0.20292E-1
40.0 0.50005- 1 10024.99983 0.191495-2 9999 .90712 0.109785-2
35.0 0.88915-1 10025.00032 0.411775-3 9999.97580 0.676845-2
30.0 0.15815+0 10025.00032 0.272735-3 9999.99337 0.38625E-2
25.0 0.28125.0 10025.00032 0.174915-3 9999.99774 0.2l642E-2
20.0 0.50005+0 10025.00012 0.111245-3 9999.99949 0.464765-2
15.0 0.88915+0 10024.99993 0.289415-3 10000.00030 0.368525-3
10.0 O.158lEi- l 10025.00031 0.1748lE-3 10000.00010 0.393695-3
5.0 0.28125+1 10025.00032 0.519335-4 9999.99995 0.221105-3
0.0 0.S000E+1 10025.00001 0.917955-3 9999.99985 0.31839E-3
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NB = 27 

-SIR AZ AM~~ SD~~ AMFI SDFI

80.0 0.50005-3 10025.00001 0.544925-3 9993.09929 0.15019E+0
75.0 0.88915-3 10025.00004 0.549035-3 9997.66742 0.38508E+0
70.0 0.1581E-2 10025.00003 0.241695-3 9999.39654 0.32871E+0
65.0 0.2812E-2 10025.00000 0.28053E-3 9999.71835 0.212895-1
60.0 0.S000E-2 10025.00003 0.214745-3 9999.88056 0.63278E-l
55.0 0.88915-2 10025.00004 0.12446E-3 9999.97034 0.19248E-1
50.0 0.15815-1 10025.00000 0.152115-3 9999.97841 0.33529E-2
45.0 0.2812E-1 10024.99999 0.41514E-4 9999.99853 O.16168E-1
40.0 0.5000E- 1 10025.00000 0.11558E-3 9999.99448 0.10382E-2
35.0 0.88915-1 10025.00000 0.10051E-3 10000.00254 0.57312E-3
30.0 O.1581E+0 10025.00003 0.124635-3 9999.99850 0.20064E -2
25.0 0.28125+0 10024.99999 0.285055-4 9999.99985 0.161375-2 —

20.0 0.50005+0 10025.00000 0.102515-3 9999.99950 0.104985-3
15.0 0.8891E+0 10025.00000 0.95455E—4 10000.00030 0.62359E-4
10.0 0.1581E+1 10025.00000 0.11685E-3 10000 .00015 0.34832E-4
5.0 0.28125+1 10025.00002 0.62149E-4 9999.99999 0.18437E-3
0.0 O.5000E+1 10024.99998 0.248795-4 9999 .99996 0.l3870E-4

NB = 30

SIR Al AM~~ SDFT ANFI SDFI

80.0 0.50005-3 10025.00000 0.11038E--2 10006 .70448 0.49575E-1
75.0 0.8891E-3 10025 .00000 0.774455-3 10002.07125 0.866765-2
70.0 0.15815-2 10025.00000 0.415545-3 10000.66534 0.13332E-1
65.0 0.28125-2 10025.00000 0.225245-3 10000.20150 0.555505-2
60.0 0.50005-2 10025.00000 0.121435-3 10000.06493 0.11716E-2
55.0 0.8891E-2 10025.00000 0.689285-4 10000.02024 0.372935-3
50.0 0.1581E-1 10025.00000 0.496005-4 10000.00622 0.18744E-3
45.0 0.28125-1 10025.00000 0.31128E-4 10000.00295 0.22967E-2
40.0 0.S000E-1 10024.99999 0.144405-4 10000.00057 0.43003E-3
35.0 0.88915-1 10024.99999 0.278365-4 10000.00057 0.32625E-3
30.0 0.1581E+0 10025.00000 0.223095-4 10000.00023 0 .40442E -3
25.0 0.28 12E+0 10024.99999 0.154l8E-4 10000.00004 0.80662E-4
20.0 0.50005+0 10025.00000 0.170135-4 10000 .00001 0.29009E-4
15.0 0.88915+0 10025.00000 0.103025-4 9999.99998 0.62l05E-4
10.0 0.l581E+1 10024.99999 0.136895-4 10000.00001 0.228655-4
5.0 0.2812E+1 10025.00000 0.255975-4 10000.00002 0.224285-4
0.0 0.50005+1 10025.00000 0.213185-4 10000.00001 0.19165E-4
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8. CONCLUSIONS

As indicated earlier, the prob lem of obtaining confidence intervals for

the frequencies of the transmitted signal appears to be intractable, both for

the signal and noise case and for the signal and interference case . The case

of a signal in noise and interference was not considered.

Simulation (and partial theoretical) results in the signal in independent,

zero-mean , Gaussian noise case were disappointing. The writer is not certain

whether the Gaussian noise assumption, so common in the literature, is made

because it is realistic or because of its mathematical niceties.

Simulation in the signal and interference case indicates the need for an

ADC of accuracy at least 27 bits. At present, 16-bit ADCs are the most accu-

rate available.
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APPENDIX 1

Key variables in the program in Appendix 2 , the corresponding variables in

Sections 2 , 3, and 6, and their interpretations :

TSA (T) sampling period - (in seconds) ;
Fl (f) Hertz-frequency of the transmitted signal;

A (A) amplitude (in volts) of the transmitted signal;
NP (p) - number of poles of the transfer function ;
N (N) number of error terms in the minimization process

for determining the prediction coefficients i~ in
(3.1) ;

NN (N + p) number of previous samples of the signal needed
to predict s(mT);

NB (NB) number of ADC bits;
SIG(K) (a) standard deviation of the Gaussian noise;

S(J) (s(kT)) value of the received signal at time iT;

P(I ,J) ($
~
. (m,N)) coefficient of a. in equation i of the linear

system (3.3) ; ~
P0(I) ($0.(m ,N)) constant on the right in equation I of the linear

system (3.1);

Al , A2 (ij , ~~) coefficients in equation (2.2) with p = 2;
DISCR (4~~~~ä~2) negative of the discriminant of the quadratic in

equation (2.2) with p • 2;
F(K) ( )  predicted value of the Hertz-frequency f of the

transmitted signal ;
FC ( ) radian-to-Hertz conversion factor 6000/it;

AM (AN) arithmetic mean of 100 f values;

SD (SD) standard deviation of 100 f values.

Key variables in the program in Appendix 3, the corresponding variables in

Sections 2 , 3, and 7, and their interpretations:

TSA (T) sampling period (in seconds);
-

- 
PC C ) radian-to-Hertz conversion factor 12500/it;

(~~
) Hertz-frequency of the transmitted signal;

Fl (f 1) Hertz-frequency of the interference;
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AT (At) amplitude (in volts) of the transmitted signal;

AX (At) amplitude (in volts) of the interference;

NP (p) number of poles of the transfer function;

N (N) number of error terms in the minimization process
for determining the prediction coefficients ~~ in
(3.1);

NN (N + p) number of previous samples of the signal needed
to predict s(mT);

NB (NB) number of ADC bits ;

SIR (SIR) signal-to-interference ratio (in decibels);

FONE predicted value (in Hertz) of the frequency of the
transmi tted signal;

FTWO Cc) predicted value (in Hertz) of the frequency of the
interference.
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APPENDIX 2

C MAXIMUM ENTROPY SPECTRA L DEMODULATION
C S I G N A L  AND (GAUSSIAN ) NOISE CASE
C

DO UBLE PRECISION PI , TSA ,T P I , A , A M , S D ,F 1 ,FC ,R 1 .( 13 0 0 ) , R 2 ( 13 0 0 )
DOUBLE PRECISION Vl ,V2 ,SI ,W (1300) ,V 11(1.300) V2 I(1300) ,SIG (7)
DOUBLE PRECISION X1 (2600),W1 ,FJ ,TC ,TS,U,S(1102L.PNB ,DV,DVI.,X
DOUBLE PRECISION P(2,2),po (2),DEL,DELA ,DEL2 ,AI ,A2,DIscR,F (1102)
COMMON/S AMP/S
COMMON/PHI/ P
COMMON/P HO/PC
COMMON/F REQ/F
COMMON/RA D/PI
DATA PI,TSA/3. 141.59265358979324D0,83. 3 333333333333333D—6/
DATA NP,A ,AM ,SD,FI/2, 1.ODO ,0.ODO ,0.ODO ,3250 ODO/
DATA SIG (1),SIG (2),SIG ( 3 ) , SIG(4)/0.00].DO,0.OIDO ,0.05D0,0.IDO/
DATA SIG (5),SIG (6),SIG(7)/0.2D0,O .3D0 ,0.5D0/
T PI~~6. 283185307179958648
FC 6000.ODO/PI

C GENERATE GAUSSIAN NOISE (0160-0360)
DO 10 J=1,1300

10 R1(J)=RANDT(l.0)
DO 20 J 1 ,13 00

20 R2 (J) RANDT(1.0)
1 1
DO 30 J=1,1300
V1=2.O DO*R1 (J)—t.ODO
V2=2.O DO*R2 (J)—I.ODO
S 1 VDV 1+V2 *V2
IF (S1.GE.1.ODO) GO TO 30
w (i)=-2. 0 D0~DLOG (S 1)/SiV l 1 ( I ) = v 1
V2L (I)~ V2
1=1+ 1.

30 CONTINUE
L 1  -1

C LOOP TO CA LCULATE AND PRINT MEAN AND STANDARD
C DEVIATION OF 100 PREDICTE D FREQUENCIES FOR
C V A R I O U S  VALUES OF SIGMA

DO 40 K1. 1,7
DO 50 J 1 ,L

V 
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Z~ SIG (Kt)*DSQRT (W(J))
X1(2*J_1)=V1l(J)*Z

50 X1(2*J) V21(J)*Z
C CALCULATE TRANSMITTED SIGNA L PLUS NOISE

W1~~V t*T PI
DO 60 J=1 ,L 102
F J J
TC FJ*TSA
TS W 1*TC
0 A*DSIN(TS)

60 s(J)~~U+X 1 (J)
C SIMULATE ANALOG-TO-DIGITAL CONVERSION OF SIGNAL

DO 45 N13 16,2 8 ,12
WRITE(6,i) NB

I FORMAT ( 1X , “ NUMBE R OF BITS = “ 15/)
NBP 2**N B
PNB N B P 

—

DV 10. ODO/PNB
DVI PNB/l.0.000
DO 70 J=1,1.102
X=s (J) 

—X X *DVI
KP=x
X K P

70 S (J)=X*DV
C LOOP TO VARY N ( THE NUMBER OF ERROR TERMS IN
C THE MINIMIZATION OF SECTION 3)

DO 55 N 2 ,1000 ,499
N N~ N P+ N
KL N N +
XU~KL+99

C LOOP TO GENERATE 100 ( KU KL+i) PREDICTED FREQUENCIES
DO 80 K=KL , KU
K K K

C CA LCULATE COEFFICIENTS FOR LINEAR SYSTEM (3.2)
C USING SUBROUTINE COV (COVARIANCE METHOD)

CALL COV (NP,NN ,K K )
C SOLVE LINEAR SYSTEM (3.2) BY cRAMER’S RULE

DELP (l,1)* P (2 ,2)_P(1.,2)*P (2,l)
DELL=~P ( L ,2)*PO(2)_P(2,2)*PO (i)
DEL2 P ( 2 ,i)*PO (l)_P (I.,1)*PO(2)
A
A2 DEL2/DEL

C SOLVE EQUATION (2.2) BY QUADRATIC FORMULA
DISCR” 4,ODO*A2_A1*Al
IF (DISCR.GE.0.ODO) GO TO 80
W R Z T E ( 6 , 2 )  ~

2 FORMAT (IX , DISCR NEC AT STEP “ ,18)
C CALCULATE PREDICTED FREQUENCY BY USE 0? (6.4)
•o r(pa—FC~ARCTA(—A t,DSQRT(DISCR))
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C CALC ULATE AND PRI NT MEAN A N D  STAN DARD DEVIAT I ON
C 0? PRED ICTE D FRE QU ENCIES

CALL S?ATS (AM . SD ,K L K U )
WR I T E ( 6 ,3)  N,AMPSD

3 F O R M A T ( 1X ,15 ,2 G 2 4 8/)
55 CONTINUE
45 CONTINUE
40 CONTINUE

ST OP
END

C
SUBROUTINE COV(NP .NN,LP)

C
DOUBLE PRECISION S ( 1 1 O 2 ) , P ( 2 , 2 ) , P O ( 2 ) , B
COMMO N/ S AMP/ S
COMMON /PHI/ P
COMMO N / P H O/ PO
L LP- 1
NI N N- NP
N L LP-N1
8 0.ODO

C LOOPS TO CALCULATE Pni (j,J),, t< ” J c — N P
DO 1.0 JaNL L

— 10 B~~+s(J)*s(j)
DO 11 Jal , N P
K aLP _ J
laN L_J
8 0+ S (i)~~s (1)— S (K) S (K)

It. P(J J)—B
DO 1.2 K K I ,NP
D— 0.ODO

C LOOP TO CALC ULATE PHI (0,KK), 1 1.KKcaNP / STORE IN PO(XI()
DO 13 J 1,NI
N LP-J
M N K K

13 B~B+S(N)*s (M)
P0 (KK) afl

C LOOP TO CALCULATE PHI (I,K) FOR I NOT K
IF(KK .EQ.NP) CO TO 1.2
DO 1.4 JaI,NP~KK
1J
KaKK+J
N LP-J
M N -KK
N 1aNL~J
M 1aN l — K X

P (I K )~~R
14 P ( K , I ) a B
12 CONTINU E

R E T U R N
END

1 
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C
SUBROUTINE STATS (AM ,SD KL,KU)

C
C STATS CALCULATES THE MEAN AND STANDARD DEVIATION
C OF KU-KL+ 1 PREDICTED FREQUENCIES r(J)

DOUBL E PRE CISION F ( 1 l02 ) , S1~.S2.RM ,AM,SD
COMMON/F REQ/F
S 1=0. 0 DO
S2=O.ODO
RM KU ~ KL+ i
DO 10 J KL, KU

1.0 S1=s l.+?(J)
AM SI /RM
DO 20 J K L , K U

20 S2=S2+ (F (J)~ AM)* (F(J)_At4)
SD DSQRT (s2/RM)
RETURN
END

C
FUNCTI ON A R C T A ( X , Y )

C
C SUBPROGRAM TO CALCULATE ARCTANGENT
C VALUES IN -P1 TO P1

DOUBLE PRE CI SION PI , HP I , X,Y ,ARCTA
COMMO N/RAD/PI
}IPI” 1. 5707 963267 9489 662D 0
I F ( X )  1,2 , 3

I AR CTAaDATAN(Y/X)+PI
RET URN

2 ARCTA HPI
RETURN

3 ARCTA DATAN ( Y/X )
RETURN
END
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APPENDIX 3

C MAXIMUM ENTROPY SPECTRAL DEMODULATION
C S I GNAL AND I N T E R F E R E N C E CASE
C

DOUBLE PRECISION PI,T P I , T S A ,FC ,AM,SD,AT , AI ,FT,FI,SIR,WT, WI
DOUBLE PRECISION FJ ,TC ,TST,TSI,S ( 5 0 0 ) , P N B ,D V ,DVI ,X ,Y ,A(1.0)
DOUBLE PRECISION P(4,4 ) , P O ( 4 ) , R R ( 5 ) , CR(5),B(5).,AUX(4),R ( 4 )
DOUBLE P R E C I S I O N  T E M P , R M A G I( 1. 0 0 ) , RMA G 2 ( i 0 0 ) , F O N E ( i O O )
DOUBLE P R E C I S I O N  FT WO ( 1 0 0 ), F 1 1 .( 2 ) , R 1 1( 2 )
COMMON/S AMP/ S
COMMON/PHI/ P
COMt4ON/PHO/PO
COMMON/ F REQ/ F ONE,  FTWO
COMM ON/M A G/ R HAG I , RMAG2
COMMON/S IME/A ,R ,AUX
COM MON/B R C/B
DATA A M , S D , A T,FT , F I / 0 . O D O , 0 . O DO , 5 . O D O , 10 0 2 5 . O D O , 10 0 0 0 . O D O /
DAT A NP~~N/4 ,496/
P1=3 .14 L592653 58979 324
TP1 6.28318530717958647
TSA
FC 12 5 0 0 . O D O / P I
N N N P+ N
KL NN+ 1

C LOOP TO GIVE -SIR VALUE S 60 ,55 ,50 , ... , 5 , 0
S I R  60.

11 WRITE (6,2 0 1 ) SIR
20 1  F O R M A T ( 1X ,”SIR “ ,G 17 .8//)

AI AT*10.ODO**(_SIR/20.ODO )

WRITE(6,l l 1)  AX
111 FORMAT(IX ,”AI M 1 G17.8//)

W T F T*TPI
W I F  I*T P1

C LOOP TO CALC ULATE 1.00 PREDICTED VALUE S OF FT AND OF Fl
DO 33 K 1 , 100
DO 3 4 J L , 500
FJ J+500*(X_I)

TC FJ*TSA
T
TS 1 W 1 *TC

C CALCULATE RECEIVED SIGNAL FROM (7.1)
S (J)=AT*DSIN (TST)+AI*DSIN(TSI)

34 CONTINUE
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C SIMULAT E 16-BIT ANA LOG -TO-DIGITAL CONVERSION OF S I G N A L
N B 16
N B P = 2 * *NB
PNB NBP
DV 10 . 0  D 0/PN B
DVI PNB / I 0 . O D O
DO 15 J=1 ,500
X S
X X*DV I
K P X
X K P

15 S(J)=X~ DV
C CALC ULATE COEFFICIENTS FOR LINEAR SYSTEM (3.2)
C USING SUBROUTINE COV (COVARIANCE METHOD)

CALL C O V ( N P ,NN ,K L)
L 0
DO 1. J 1 ,NP
DO 9 I’~ 1,J
LL L+I

t 9 CONT IN UE
L L+J
R(J) —PO (J)

I C O N T I N U E
I E R= 0

C SOLVE LINEAR SYSTEM (3.2) U S I N G  HONEYWELL SUBROUTINE L.INSS
CALL L I N S S (N P ,IER )
I F ( I E R )  2 ,3,5

5
W R I T E ( 6 , 2 0 2 )  NQ , IER

20 2 F O R M A T ( I X , ”DE GEN ERAT E MATR IX OF DEGENE RA C Y ” ,18 , ” RANK “ , I 8)
GO TO 33

2 W R I T E ( 6 , 2 03)
2 0 3  F O R M A T ( 1X ,”MATRI X POSSIBLY SINGULAR”)

GO TO 33
C A S S I G N  ELEMENTS I N  SOLUTION 4 -TUPLE OF SYSTEM (3.2)
C (DENOTED BY “R(J)” IN LINSS IN PLACE OF “A(J )” IN (3.2))
C TO B ( J )  W I T H  B ( 5 ) 1,B(4) R (1.),B (3) R(2),B(2) R(3),
C B (1)=R(4) AND SOLVE THE EQUATION B(5)*Z**4 + B(4)*Z**3
C + B (3)*Z**2 + B (2)*Z + B ( 1 )  = 0 OF THE FORM (2.2)
C BY USE OF HONEYWELL SUBPROGRAM ZORP2  W H I C H  CONSISTS
C OF SUBROUTINES DOWNH,GRAD , MTALGD ,DIV, AND POLY

3
B ( NAC ) = 1 • 0 DO
DO 7 J 1.,NP

7 B (J) R (NAC-J)
CALL DOWNH(B,NP ,RR ,CR)

DO 44
IF(CR(L).LT.O.ODO) GO TO 44
X R R  (L)
Y=CR(L)
RI 1(I) DSQRT (X*X+Y*Y)
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C CA LC ULATE PRED ICTE D FREQUENCY
F 11( 1 ) = F C * A R C T A (  X , Y )
1= 1+ 1

44 CONTINUE
I F ( F 1 1 ( 1 ) . L E . F 1 I ( 2 ) ) GO TO 43
T E M P F I I ( l )
F11 ( t)=FI1. (2)
F l t ( 2 ) = T E M P
TEMP R - 1 l ( I )
R 1HL(1) R1.L(2)
RI. I. (2)=TEMP

43 R M A G 1 ( K ) R 1 1 ( I )
RMAG2(K ) R 1-1 (2)
F O N E ( K ) F 1-1( 1)
F T W O ( K ) F 11 ( 2 )

33 CONT INUE
C CALCULATE AND PRINT MEAN AND STAN DARD DEVIAT ION
C OF 100 PREDICTED VALUES OF RMAG I,RMAG2 ,FI., AND F2

CALL STATS (AM , SD , RMA G 1)
WRITE(6,400) AM ,SD

400 FORMAT(IX ,2D25.18)
CAL L S T A T S ( A M , SD , RMAC 2 )
W R I T E ( 6 ,4 0 0 )  AM ,SD
CALL STATS (A M ,SD ,FONE )
W R I T E ( 6 ,400) AM,SD
CALL STAT S (AM ,SD ,FTWO )
W R I T E ( 6 ,4 0 0 )  AM ,SD
W R I T E ( 6 , 8 8 8 )

888 FORMAT (-IX,//)
SIR=SIR-5.ODO
IF(SIR.LT.O.ODO) STOP
GO TO 1.1
E N D  

-

C
S U B R O U T I N E  C O V ( N P ,NN,LP)

C
C COV WAS W R I T T E N  BY CAPT . KENNETH WILSON OF RADC TO
C I M P L E M E N T  THE COVA R IANC E METHO D OF LI NEA R PREDICTION
C ( S E E  MAKHO U L ( 2 , P.  5 6 4 ) )

DOUBLE P R E C I S I O N  S ( 5 0 0 ) , P ( 4 , 4 ) , PO ( 4 ) , A
COMMO N/ SAMP / S
COMMON/PHI/ P
COMMON/P HO/PO
L LP- 1
NI NN—NP
NL LP-NI
A 0 .

C LOOPS TO CALCULA TE P H I ( J ,J ) ,  1<=J <=NP
DO 10

10 A A + S ( J ) * S ( J )
DO 11 J 1 ,NP
K LP-J
I NL-J
A A+S (I)*S (1)—S (K)*s (K)

11. P ( J , J ) A
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DO 12 K K= 1, NP
A=0- . ODO

C LOOP TO CALCULATE PHI (O ,K K ) ,  l<KX<NP / STORE IN PO(KK)
DO 13 J= 1, NI
N LP-J
M =N-KK

13 A A+S(N)*S(M)
PO(KK) =A

C LOOP TO CALCULATE P H I ( I , K )  FOR I NOT = K
IF(KK.EQ.NP) GO TO 12
DO 14
I=J
K K K+ J
N LP-J
M N -KK
N1.=NL J
MI. =N 1-KK
A=A+ S ( N -I.) *s (Ml) —S ( N )  *S Ui)
P (I  ,K ) A

14 P ( K ,I ) A
12 CONTINUE

R E T U R N
END

C
S UBROUTINE L I N S S ( M ,I E R )

C
C LINSS IS A DOUBLE PRECISION VERSION OF THE HONEYWELL
C SUBROUT I NE LINSS FOR SOLVING A LINEAR SYSTEM WITH
C SYMMETRIC COEFFICIENT MATRIX. LINSS USES GAUSS ELIMINATION

C WITH PIVOTING IN THE MAIN DIAGONA L ONLY , TO PRESERVE
C SYMMETR Y . IER IS AN ERROR RETURN AS FOLLOWS: IER O
C INDICATES NO ERROR; IER I INDICATES NO RESULT AS NP< 0

C OR A PIVOT ELEMENT WAS ZERO DURING E L I M I N A T I O N ; IER K
C IS A WARNING OF POSSIBLE LOSS OF SIGNIFICANCE (OF L
C SIGNIFICANT DIGITS IF EPS - 1O**(_L)) AT ELIMINATION
C STEP K+ 1 AND , WITH WELL CONDITIONED A AND APPROPRIATE
C EPS , THAT A MAY HAVE A RANK OF K.

DOUBLE PRECISION A ( 1 0 ) , R(4),A U X ( 4 ) , P I V ,TB , TOL,PIVI ,EPS
C OMMO N / S IM E / A , R ,AUX
EPS I . 0 D 18
IF(M.LE.O) GO TO 24

C SEARC H FOR PIVOT
1. IER O

Piv 0. ODO
L’O
DO 3 K= 1..M
L L+ K
TB DABS ( A ( L ) )
I F ( T B PIV )  3 , 3 , 2

2 PIV TB
1 L
J K

3 CONTINUE
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TOL EPS*PIV

f LST O
LE ND M 1

C ELIMINATION LOOP
DO 18 K 1 ,M
IF (PIV ) 24 ,24,4

4 I F ( I E R )  7 , 5 , 7
5 IF(PIV TOL) 6,6,7

- 6 I E R K 1  
- 7 LT J-K

LST LST+ K
C PIVOT ROW REDUCTION AND ROW INTERCHANGE IN RIGHT SIDE R

- 
PIVI -1..ODO/A(I)
TB PIVI~ R ( J )
R ( J ) R ( K )
R(K) TB
IF(K M) 9,19,19

- 
- C ROW AND COLUMN INTERCHANGE AND PIVOT ROW REDUCTION A
-
- C PIVOT COLUMN SAVED I N  AUX

9 LR LST+ ( LT* ( K+J~.i))/2
LL LR
L LST
DO 14 1 1 K ,LEND -:

- 
L L +II

- -
- LL LL+ 1

- 
- I F ( L — L R )  12, 10 , 11

- 10 A(LL) A(LST)-
— 

- TBA(L)
GO TO 13 

- ‘

-
- 

- 11 LL=L+LT
- 12 TBA(LL)

A(LL) A(L)
13 AUX(II)=TB
14 A(L) PIVI*TB

A(LST )=LT
— C ELEMENT REDUCTION AND SEARC H FOR NEXT PIVOT
I PIV O.ODO

- I LLST LST
I L T O

DO 18 I I K ,LEND
PIVI —A U X ( I I )

¶ LL LL ST
I LT LT+ 1

- - DO 15 LLD II ,LEND
LL LL+LLD

— L L L + LT
15 A ( L ) A ( L ) +PI V I * A ( L L )

— LLST LLST+II
jr LR=LLST+LT

~
r TB D A B S ( A ( L R ) )

- IF(TB—PIV) 17,1.7,16
16 P IV TB

I L R
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J I I +L
17 L L I I+1
18 R (LL) R ( L L ) +P I V I * R ( K )

C BACK SOLUTION AND INTERCHANGE
19 IF(LEND ) 24,23,20
20 I IM

DO 22 1 2 ,M
LST LST-II
11=11—1
LA(LST)+0. 5D0
TB R ( I I )
LL II
K LST
DO 2 1 LT I I , LEND
LL LL+ 1
X K+LT

21 TB=T B_A(K)*R(LL)
K 11+L
R (I I ) R (K)

22 R(K) TB
23 RETURN
24 IER —1

RET URN
E N D

C
SUBROUTINE DOWN H ( A , N A R , R R ,CR)

C
DOUBLE PRECISION A(1O),RR(5),CR(5),Q(10),B (3)
DOUBLE PRECISION ANP P,D I SC, X ,Y ,C
J=O
N NAR
N PL I. N+ -1.
A N P P A ( N P L 1 )
DO 102 I 1 ,NPL 1
IF ( A ( I )  ) 103,102 ,103

102 CONTINUE
103 C DABS (A(I)/A (NPLI))

LU 120
LL -I.20
IF(C_2.ODO**LU) 100 ,100 ,101.

100 IF(C_2 .ODO**LL) 101,105,105
101 NA R -NAR

GO TO 500 1.
105 II=(LU+LL)/2

IF (C_2.ODO**II) 110 ,110 ,109
109 LL II

CO TO 111
1.10 LU II
111 IF (LU—LL—1) 5001,112 ,105
1.12 IB II/N

IF (IB> 11.4,120 ,114
11.4 DO 115 I=t ,N PLI.

I1 1— I
t 1 5 A (I) A(I)*(2.ODO**(II*IB))
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120 DO 121 J1= 1,NPL I
1.21 A(J1) A(J1)/A(NPLI)
201 IF(N) 2001,2001,206
206 IF(A(1)) 301 ,211 ,301
21. 1. J=J+1

RR(J) 0.ODO
CR(J) =0. ODO
DO 221 J1=I.,N

221 A (J1.)A(J1+1)
N=N- I
GO TO 201

301 IF(N—2) 601 ,501,401
401. CALL GRAD (A,N ,X ,Y )
421 IF(DABS (Y)_DABS (X*1.OD_8)) 431 ,431 ,4 4 1
431 Y=0.ODO
44 1 J=J+].

RR(J) X
CR(J) Y
IF(Y) 461 ,1021 ,461

461 J=J+1
RR(J) X
CR(J)=-Y
GO TO 1011

501 DISC A (2)* *2_4. ODO*A (1)
I F ( D I S C )  521 ,541 ,54 1

521 Y=DSQRT(—DISC )/2.ODO
X —A(2 )/2.ODO
GO TO 421.

541. J=J+1
RR(J)=(-A(2 )+DSQRT(DISC))/2.ODO
C R ( J ) 0.
GO TO 1021

601 J=J+1.
RR(J) -A(1)
c1-~(J)=O.ODo
GO TO 2001

101.1 B(L) X**2+Y**2
B ( 2 ) _ 2 . O D O * X
B(3) 1.ODO
N B 2
GO TO 1041

1021 B(1) —RR(J )
B(2) 1.ODO
N B  1

1.041. CALL DIV(A,B,N ,NB ,Q)
DO 106 1 J 1 1 , N

— 106 1 A(J 1) Q(J1)
IF ( C R ( J ) ) 108 1 ,1.071,1.081

1071. N N— 1
GO TO 20 1

1081 N N—2
GO TO 201

2001  I F ( I B )  2 0 0 2 , 2 0 0 5 , 2 0 0 2
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2002 DO 2000 1 1,NAR
RR (I) RR(I)*(2.ODO**(IB))

— 2000 CR (I) CR(I)*(2.O D O * * ( I B ) )
2005 NPI NAR+1

DO 2011. I 2 ,NPI
2011 A(I ) 0.0D0

A ( 1.) L . O D O
NM 0
J=1

2021 IF(CR(J)) 2041,2061 ,2041
2 0 4 1  N B 2

B( 3)= 1.0 DO
B ( 2 ) ~~~2.OD0*RR(J)
B( 1)=RR(J)~ *2+CR (J)* *2
j=J+2
GO TO 20 81

2061 N B I
B (2) 1..ODO
B (1)~~~RR (J)

- : J=J+1
2 0 8 1  CALL M T A L G D (A , NA ,B , N B ,Q)

N M N B +N A
- - NAPLI. NA+ 1

DO 2091 1 1 ,NAPLI
2 0 9 1  A ( I ) Q ( I )

IF(NA—NAR ) 2021 , 3 0 0 1 ,300 1
3001  DO 3011 J 2 1 ,NPLI.
3011 A(J2) A(J2)*ANPP
500 1 RETURN

END
C

SUBROUTINE GRAD ( A , N , X Z ..YZ)
C

DOUBLE PRECISION A(1.O),X ( 3 ) , Y ( 3 ) , R P ( 3 ) , C P ( 3 ) , R H O ( 3 ) , P H I ( 3 )
DOUBLE PRECISION A B S P ( 3 ) , P R ( 3 ) , P C ( 3 ) , PI ,X Z , Y Z , RHO Z ,P H I Z ,SU ,U
DOUBLE PRECISION PSI,TOP,BOT ,COSI,SINE,DZ ,A B S P Z , P R Z , P C Z ,RZ
DOUBLE PRECISION CZ,THETA,DTHETA ,RHOS ,PHIS
P1 3.1.4I.59265358979324
MTST I

101 XZ O .ODO
YZ=1 .ODO
DZ 2.ODO
RHOZ I.ODO
PHI Z PI/2.O D O

2 0 1  CALL P O L Y ( N ,A ,RZ ,CZ ,P R Z ,PCZ ,RHOZ ,P H I Z )
221 SU DSQRT (PRZ**2+PCZ* *2)

ABSPZ DSQRT(RZ**2+CZ**2)
u=2.ODO*ABSPZ*SU
PSI D A T A N ( U )
TOP RZ*PCZ_CZ*PRZ
BOT _ (RZ*PRZ+CZ*PCZ)

LL~~~~~~~~~~~~~~~~~~~~~~
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SINE DSIN(THETA+PHIZ)
IF(ABSPZ) 300,500 1 ,300

300 IF(SU) 301 ,5 0 1 ,301
301 IF(RHOZ) 321 ,401 ,321
321 IF(ABSPZ/(RHOZ*SU)_1..OD_8) 5001,5 0 0 1 ,701
351 IF (ABSPZ / (RHOZ*S U) — 10. ODO* * (—MTsT) ) 80 1,8 0 1 , 4 0 1
401 DZ=DZ/8.ODO

I M 0
DO 431  1 1 , 3
DZ 2.0 D0*DZ
X (I )=XZ+ DZ*COSI
Y (I) YZ+DZ*SINE
RHO(I) DSQRT(X(I)**2+Y (I)**2)
P H I (I ) AR CTA (X ( I ) , Y ( I ) )
CALL POL!(N,A,RP (I ) , C P ( I ) , PR (I ) , PC (I ) , RHO(I),P H I ( I ) )
ABSP(I) DSQRT(RP(I)**2+CP (I)**2)
IF(ABS PZ—ABSP (I)) 431 ,4 31,4 2 1

4 2 1  A B S P Z A B S P ( I )
I M I

431 CONTINUE
I F ( I M )  4 4 1 ,4 4 1 ,461.

441 DZ DZ/8.ODO
IF (RHOZ ) 4 4 3 ,445,44-3

443 IF(DZ/RHOZ— 1.OD—8 ) 451 ,4 5 1 ,401
445 IF(DZ—I .OD—8 ) 451 ,4 5 1 ,4 0 1
451 IF(StJ— A BSPZ ) 501,501 ,500 1
461 DZ (2.ODO** (IM_2) )*DZ

X Z X ( I M )
Y Z Y  (IM)
P H I Z P HI  ( I M )
PRZ PR(IM)
PCZ PC ( I M )
RHOZ RHO (IM)
R Z R  P ( I M )
C Z C  P ( I M )
GO TO 221.

501 DZ 1.ODO
DTHETMPI/10 .ODO

521 THETMO.ODO
DO 56 1 I 1 , 20
T HE TM THETA + DTHETA
XS XZ+DZ*DCOS (PHIZ+THETA )
YS YZ+DZ*DSIN(PHI Z+THETA)
RHOS DSQRT(XS**2+YS**2) 

-

P H I S A R C T A ( X S , Y S )
CALL P O L Y ( N , A ,RS ,CS ,PRS , PCS, R H O S , P H I S )
ABSP (1 )DSQRT (RS* *2+C5* *2)
IF(ABSPZ—A BSP (1) ) 561 ,56 1, 601.

561 CONTI NUE
DZ DZ/2 .ODO
I F ( R H O S ) 563 ,5 6 5 ,563

563 IF (DZ/RHOS—1..OD— 8) 5001 ,5001 ,521
565 I F ( D Z — 1 . O D — 8 )  5001 , 5001 , 521
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601 XZ=XS
YZ YS
PH 1Z PH IS
RHOZ R HOS
ABSPZ ABSP (1)
PR Z P RS
PC Z PCS
H Z R S
C Z C S
GO TO 221

701 IF (PSI—1.OD—7) 711 ,7 11,351.
71.1. IF(SU—A BSPZ) 501,50 1,351
801 RHO ( 1.)=RHOZ+BOT/SU**2

IF (R H O ( 1 ) )  90 1, 9 0 1 ,816
816 pfII (1)=pHIz+Top/(RHOZ*SU**2)
821. CALL POLY (N,A ,RZ ,CZ ,PRZ ,P CZ , R H O (1) , PHI (1) )

ABSP ( 1) DSQRT(RZ**2+CZ**2)
IF (ABSP (I)—A BSPZ) 851,881 ,881

841 XZ RHOZ*DCOS(PHIZ)
YZ R H O Z * D S I N ( P H I Z )
GO TO 5001

851. RHOZ RHO(1.)
ABSPZ ABSP (1)
PHI Z P H I ( 1 )
TOP RZ*PCZ_C Z*PRZ
BOT~~

_ (RZ*PRZ+CZ*PCZ)
SU DSQRT C PRZ* *2+p Cz* *2)
I F ( S U )  8 55 , 50 1, 855

855 U 2.ODO*ABSPZ*SU
PSI D A T A N ( U )
I F ( A B S P Z / ( R H O Z * S U ) _ 1 0 . O D O * * ( _ M T S T ) ) 861, 86 1 , 90 1

861 IF(ABSPZ/(RHOZ*SU)_I.OD_8) 841,84 1 ,8~~1
87 1. I F ( P S I — 1 . O D — 7 )  881 , 881 , 80 1.
881 IF(SU—AES PZ) 501 ,501,901
901 DZ ABSPZ/SU

XZ RHOZ*DCOS (P H I Z )
YZ R H O Z * D S I N ( P H I Z )
MTST MT ST+1
GO TO 201

5 00 1 R E T U R N
E N D

C
S U B R O U T I N E  MTA L CD (AARG ,N A,  BA RG ,N B , C)

C
DOUBLE PRECISION AARG(10),BARG(10),C(10),A(10),B (L0),TEMP

1. NAPLI NA+ 1
DO 21 J1~~1,NAP L 1

21 A (JI.)=~A A R G ( J 1 )  -

NBPLI NB+ I
DO 41 Jl=1.,NBPLI

41 B (J1) BARG (J1.)
NCPLI NAPL1+NBPL1-1

- - 
00 91. J1~~1,N C P L 1
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TEMP O. 000
DO 81 J2=t ,J 1
IF (J2—NAPLI.) 61 ,6 1,81.

61 N2 J1—J2+1
I F ( N 2 — N B P L 1 )  71 , 7 1 , 81

7 1 TEMP TEMP +A ( J 2 ) * B ( N 2 )
8 1 C O N T I N U E

C ( J 1) TEMP
91. C O N T I N U E

R E T U R N
E N D

C
S U B R O U T I N E  DIV (A ,B , N A ,N B , Q )

C
DOUBLE P R E C I S I O N  A ( 1 O ) , B ( l O ) , Q ( 1 . O ) , T E M P
I I N MN B+ 1
DO 61 J1=1 ,I 1

6 1 Q ( J 1 ) 0 .0 0 0
10 1 KKM A X N MNB + 1

DO 39 1  K K I ,KKM A X
K KK- I.

201 TEMP O.ODO
IF (K—I) 301 ,21.1,211

21. 1 DO 291. JJ= l,K
J=JJ-1.
I 1 .= N B — K + J
IF (II) 291 ,2 2 1, 221

221 I2 NA NB- J
TEMP TEMP+B(I 1+ 1)*Q (12+1)

291 CONTI NUE
301 I1. Nk NB K

I 2=NA— K
391. Q(I1-4-1 ) A (12+1.)—TEMP

5001 R E T U R N
E N D

C
SUBROUT I NE POLY (N ,A ,R ,C , P R ,PC ,RHO ,P H I )

C
DOUBLE PRECI SION A (1.0),R,C ,PR ,PC ,RHO,PHI,V1.,V2 ,W 1 ,W2 ,T l
I F ( R H O )  10 ,5,10

5 R A ( 1 )
C 0. 0 DO
P R A  ( 2 )
PC=0. 000
RET U~ N

10 V1 1.ODO
V2=0. ODO
R=A (1)
C 0 .  000
PR= 0 • 0 DO
PC 0 • 0 DO
Wt. RHO*DCOS (PHI)
W 2 = R H O * D S I N ( P H I )
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NN=N +1 
:1

DO 20 I=2,NN
T1 W1*V1_W2*V2
V2~ W2*V1.+W1.*V2
V 1 T 1
R=R+A (I)*V1.
C=C+A (I)*V2
PR PR+A (I)*(I_t)*Vi.

20 PC PC+A (I)*(I_1)*V2
PR’~PR/RHO
P C P C/RHO

5001 RETURN
END

C
FUNCTION ARCTA (X ,Y)

C
C SUBPROGRAM TO COMPUTE ARCTA NGENT
C VALUES tN INTERVAL -P1 TO P1

COUBLE PRECISION PI,HPI,X ,Y,ARCTA
P1 3.14159265358979324
HPI 1.57079632679489662
IF(X)1,2,3

1 A RCTA~ DATAN (Y/X)+PI*DSIGN (1. ODO ,Y)
RETURN

3 A RCTA DATAN (Y /X )
RET URN

2 IF(Y) 4,5,6
4 ARCTA -HPI

RET URN
5 ARCTA O .ODO

RETURN
6 ARCT A~~HPI

RET URN
END

C
SUBROUTINE STATS(AM,SD,G)

C
C STATS CALCULATES MEAN AND STANDARD DEVIATION
C OF A SET OF 100 NUMBERS

DOUBLE PRECISION G (1 00),S1,S2,RM,AM ,SD
COMMON/F REQ/FONE,FTWO
COMMON/MAG/RMAG1, RMAG2
S1 0.ODO
s2=0.ODO
R M 1 00.ODO
DO 1.0 J 1 ,100

10 S1 S1+G (J)
AM SI/RM
DO 20 J 1 , 100

20 S2 S2+(G(J)_AM)*(G(J) AM~
SD DSQRT (S2/RM)
RETURN
END
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